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ABSTRACT:

Slight improvements in the a priori error analysis of the
Gaussian elimination with partial pivoting are obtained. The
failure or non-failure of the method is expressed in terms of
the bound on the condition number.

GAUSOVA ELIMINACIJA U ARITMETICI S POMICNIM ZAREZOM. U radu je
dobijeno poboljdanje u apriornoj analizi gresaka kod Gausove
metode s parcijalnim pivotiranjem. Uspednost ili neuspesnost
metode izrazena je s ograni&enjem na broj uslovljenosti.

1. INTRODUCTION

Let A be a real square matrix of order n. It is well-
known (see [3]) that the Gaussian elimination with partial pi-

voting for the solution of the system of linear equations
Ax = b

where A is non-singular yields a permutation matrix P, a unit
lower triangular matrix L, and a non-singular upper triangular

matrix U such that
PA = LU

The solution x is obtained by solving two triangular systems
Ly = Pb and Ux = y. Furthermore, the elements of L are bounded
by 1 in modulus, and the growth of the elements during the eli-

mination is bounded by 2n—l.

This is true for the exact arithmetic only. The rounding

errors may cause the failure of the method.
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We shall analyse the rounding errors using the equation
fl1(x 0 y) = (x 0 y) (1 + ¢€), el <u (1)

where x and y are any standard floating-point numbers and

fl(x © y) denotes the computed result of any of the four arith-
metic operations. We shall suppose that the relative error of
an arithmetic operation is bounded by the unit rounding error u

which is normally

u = bl-t/2 (for rounding)

= pi-t (for chopping)

where t is the length of the mantissa in the base b (usually
2 or 10). It is of course assumed also that during the compu-

tation no overflow or underflow occurs.

In the following we shall be interested only in the tri-

angular decomposition.

2. THE ALGORITHM

We denote the current calculated matrix at the r-th step

by g(r)

r-1 columns. It is assumed that the matrix A =

This matrix is already upper triangular in the first
B(l) is the ma-
trix stored in the computer. The final calculated upper trian-

gular matrix is denoted by V.
The algorithm for triangular decomposition is as follows:
for r = 1,...,n-1 do:

find the smallest p such that r < p < n and
|

1]

|bé§)| max[bii i L = ripsesyns

if p > r interchange the rows p and r and call

(r)

the new matrix B again.

for i = r+l1,...,n set:

_ (r) (r) : (r)
me fl(bir /brr ), if brr # 0
=0, otherwise
b{T*L)
ir
for k = r+l1,. ,n set:
(r+1) (r) _ (r)
Pik Bllbyy = Flimg b 1)
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(x)

(r+l) _
= By

If we assume b
ik
(n)

whenever i < r or k < r, then

B = V.

Note that this algorithm never breaks down and yields
an upper triangular matrix V even if some of the current ma-

r)

trices B( are singular. In such a case V is also singular.

3. THE ROUNDING ERROR ANALYSIS

The following rounding error analysis is in all essen-
tial ideas due to Wilkinson [21. There are slight improvements

only in some details.

Let us denote the largest elements in modulus at each

step by hr

by, # max\béi)\, 1,k = Tieonyh
and

h = max hr’ r=1,...,n

Using (1) we have

mi = qir(l + Xir)’ i=1r+l,...,n (2)

and
(r+1) _ (r) _ (r) {xr) (r)
Pix = (by mypPp (B ylk ML+ oz )y
i,k = r+l,...,n (3)

where

a, = b(i)/bii), if b(r) 40

=0 otherwise

and |x |y | ]z(r)l u. Since we are pivoting,

i
{qir] Z 1., It can be shown that |fl(x/y)| < 1 whenever |x|<|y].

Therefore|m, | < 1, too.

ir

We can write

(r+1) _ ,(r) _ (r) (r)
biy = by T miPrk * ik
i =r+l,...,n; kK =1r,...,Nn
where
(r) _ _ ( ) (r) (r) (r) (r), (r)
dik = -my Pk Yik (L + 24y y #* (bik msyPrx YZip
i,k = r+l,...,n
and '
(ry _ (r) =
dir bir Xipr i r+l,...,n
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Then
(r) -
|dik | < duhr, i,k = r+l,...,n (4)
and
(r) -
|dir | < uh_ < duh , 1 = r+l,...,n (5)
where
d=3+u

Wilkinson expressed dii) in another way (see [2]):

(r) _ (r+l) _(r) ) (r), _ (r) (r)
dik = Bix zgx /00 Fozg ) -omg by
and hence
lafe? ] Suh /(1= w) 4 uh, ik = rel,...n (6)

It is possible to show (see [3]) that we have obtained
the exact dGecomposition of the permuted and perturbed initial

matrix
PA + E = MV (7)

where M is a unit lower triangular matrix with the elements
(2) below the diagonal, P a permutation matrix obtained by the
same interchanges defined by the algorithm from the identity
matrix I and E the matrix with the elements in the upper tri-
angle

i

¢ix = 1

r=

1
0. s
1

lfn
-
@

and in the lower triangle

alr) 45 x (9)

e 3 ’
1 ik

i X

ik *
r

From these equations and the bounds (5) and (6) it is
easy to obtain the bounds of the form (see [1])

2
HEIIp Scynfun, p o= 1,e,E (10)
where the constant cp is independent of A. For instance,

c, = (2 = u)/(2 - 2u)
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4. A PRIORI BOUNDS

To find a priori bounds we need a bound on the growth

of the computed elements. From (3) it follows

hr+l =< Chr' r=1,...,n"1
where

c =2+ 3u + u2
Hence

hr < cr-lh1 (11)
and

h <" thy (12)

Inserting (12) into (10) we obtain a priori bounds

2 n-1
ut

||EI|p < cpn c g (13)

1
As a slight improvement it is possible to avoid the
factor n2 in these bounds if we use (ll) instead of (12) in the

proof of (10).

From (8) and (9) using (11) in (4) and (5) we obtain

i-1 .
lej, ] cau]h_ <aun (- 1/e-1, 1<k
r=1
and
x K
le;j ] < du 1 h, < duh (¢’ - 1)/(c-1, 1>k
r=1
Then, for instance,
lEll, £ dqun ||F||;/(c - 1)
where
fi = cl-1 =1y 1%k
= ck -1, i >k

Since ¢ > 1 it is obvious that

T oi-1
[IF]] = J de - 1) =(c -1)/(c=-1) - n
i=1

and

[El], < dte® =1 = n(ec - 1)un /(e - 132 - opidy

which is about n2/6 times smaller then the bound (13) for p=l.

Similarly we can get the bounds for the other two norms.
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A priori bounds are therefore of the form
HEN, 2 dpcnuhl, p=1,0E (15)

where dp is independent of A.

5. CONCLUSIONS

On the basis of this analysis it is possible to state
sufficient conditions which will guarantee that the computed
upper triangular matrix V is non-singular and therefore that the

Gaussian elimination with partial pivoting does not break down.

i

THEOREM. If 1|E||p

matrix V is non-singular.

ep and condp(A) < hl/ep then the

Proof. For the norms 1,«,E we have
hy < [lall, (16)

From equation (7) it follows that the matrix V is non-singular

if the matrix PA + E is non-singular or if
127 e ]| <
P

This inequality follows directly from the hypotheses, (16),
and the fact that

T
||P E|ip = IIEI!p, p=1,,E Q.E.D.

If the failure of the Gaussian elimination actually

occurs then it follows from the theorem that

condQ(A) 2 hl/eg

where e, is any bound for |[E||p. Here, we could use in (10)

the actual value of h. To find it we must determine hr at each
step. But then it would be more appropriate to perform comple-
te pivoting since no additional arithmetic operations would be

necessary.

Because of the exponential factor in the a priori bounds
(10) and (15) the theorem is very weak. The following table
shows the precision required by the theorem using (14) in order
to guarantee non-singular V when rounding in base 10 for some

typical condition numbers and a few n:
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minimal length of mantissa

condl(A) n =5 n =10 n = 100
1 3 5 32
102 5 34
104 7 9 36
10° 9 11 38

For large n the results are very unrealistic. This shows

the weakness of this a priori error analysis.
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