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ABSTRACT:

S l tgh t  imProvemen ts  i n  t he
Gauss lan  e l im ina t i on  w l th
fa i l u re  o r  non - fa i l u re  o f
t he  bound  on  the  cond i t l on

A x = b

w h e r e  A  i s  n o n - s i n g u l a r  Y l e l d s

l o w e r  t r i a n g u l a r  m a t r i x  L ,  a n d

m a t r i x  U  s u c h  t h a t

a  p r l o r l  e r ro r  ana lYs i s  o f  t he
pa r t i a l  p i vo t i ng  a re  ob ta ined .  The
the  me thod  l s  exp ressed  l n  t e rms  o f

numbe r .

6AUSOVA ELMINACIJA U ARITMETICI  S  POMICNIM ZAREZOM. U radu je

d o b l j e n o  p o b o l j 5 a n j e  u  a p r i o r n o j  a n a l i z l  g r e S a k a  k o d  G a u s o v e

; ; ; ; e ;  s  p a r c i - i a l n i m  p i v o t t r a n j e m .  u s p e S n o s t -  i t i  . n e u s p e S n o s t
m e t o d e  i z i a i e n a  j e  s  o g r a n i d e n j e m  n a  b r o j  u s l o v l j e n o s t i .

I .  I N T R O D U C T I O N

L e t  A  b e  a  r e a l  s q u a r e  m a t r i x  o f  o r d e r  n '  I t  i s  w e l J -

k n o w n  ( s e e  [ : ] l  t h a t  t h e  G a u s s i a n  e l i m i n a t i o n  w j . t h  p a r t i a l  p i -

v o t i n g  f o r  t h e  s o l u t i o n  o f  t h e  s y s t e m  o f  ] i n e a r  e q u a t i o n s

permu ta t i on  ma t r i x  P ,  a  un i t

non ' s i ngu la r  uppe r  t r i angu la r

P A = L U

The  so lu t i on  x  i s  ob ta ined  by  so l v i ng  two  t r i angu la r  sys tems

Ly  =  Pb  and  Ux  =  y ,  Fu r the rmore ,  t he  e lemen ts  o f  L  a re  bounded

by  I  i n  modu lus ,  and  the  g row th  o f  t he  e lemen ts  du r i ng  t he  e l i -

m i n a t i o n  i s  b o u n d e d  b Y  2 n - '

T h l s  i s  t r u e  f o r  t h e  e x a c t . a r i t h m e t i c  o n l y .  T h e  r o u n d i n g

e r ro rs  nay  cause  the  fa i l u re  o f  t he  me thod .



oo

W e  s h a l l  a n a l y s e  t h e  r o u n d i n g  e r r o r s  u s i n g  t h e  e q u a t i o n

f l ( x  o  y )  =  ( x  o  y )  ( l  +  e ) ,  I r l  :  u  ( r )

v r h e r e  x  a 4 d  y  a r e  a n y  s t a n d a r d  f l o a t i n g - p o i n t  n u m b e r s  a n d

f ]  ( x  o  y )  c e n o t e s  t h e  c o m p u t e d  r e s u l t  o f  a n y  o f  t h e  f o u r  a r i t h -
m e t i c  o p e r a t l o n s .  l . l e  s h a l 1  s u p p o s e  t h a t  t h e  r e l a t i v e  e r r o r  o f
a n  a r i t h m e t i c  o p e r a t l o n  i s  b o u n d e d  b y  t h e  u n i t  r o u n d i n g  e r r o r  u
w h i c h  i s  n o r m a l l y

u  =  b } - t / 2  ( f o r  r o u n d i n g )

'  b I - t  ( f o r  c h o p p r n g )

w h e r e  t  i s  t h e  l e n g t h  o f  t h e  m a n t i s s a  i n  t h e  b a s e  b  ( u s u a l l y

2  o r  l 0 ) .  f t  i s  o f  c o u r s e  a s s u m e d  a l s o  t h a t  d u r i n g  t h e  c o m p u -

t a t l o n  n o  o v e r f l o w  o r  u n d e r f l o w  o c c u r s .

I n  t h e  f o l l o w l n g  w e  s h a 1 l  b e  i n t e r e s t e d  o n l w  i n  r h e  r r i -

a n g u l a r  d e c o m p o s i t j . o n .

2 .  T I IE  ALGORITI { }1

W e  d e n o t e  t h e  c u r r e n t  c a l c u l a t e d  m a t r i x  a t  t h e  r - t h  s f p n
I  r l

b y  B . . ' .  T h i s  m a t r l x  i s  a l r e a d y  u p p e r  t r i a n g u ) " a r  j , n  t h e  f i r s t

r - l  c o l u m n s .  I t  1 s  a s s u m e d  t h a t  t h e  m a t r i x  a  =  g ( I )  i s  t h e  m a -

t r i x  s t o r e d  i n  t h e  c o m p u t . e r .  T h e  f i n a r  c a l c u r a t e d  u p p e r  t r i a n -

g u l a r  m a t r i x  i s  d e n o t e d  b y  V .

T h e  a J . g o r i t h m  f o r  t r i a n g u l a r  d e c o m p o s l t i o n  j . s  a s  f o l l o w s :

f o r  r  =  l r . . . r n - l  d o :

f i n d  t h e  s m a l l e s t  p  s u c h  t h a t  r  1  p :  n  a n d
t r )  r  ' .  ( r )  ,l b " ' |  =  m a x l t ) ' ' l .,  n r  |  =  m a x l b i r  l ,  l .  =  r r . . . r n .

E .

i f  p  >  r  i n t e r c h a n g e  t h e  r o w s  p  a n d  r  a n d  c a I I

t h e  n e w  m a t r i x  B ( r )  a g a l n .

f o r  i  =  y l l r . . . r n  g e t :

( r l  / r \  1 ' \
h  =  f l l l - \ r / / h \ r / l  i f  ] - \ r '  {  O"  i r  - - . " i r  ,  " Y r  ,  ,  . .  " r r  r

=  0 ,  o t h e r w i s e
l r + l  I

L r ^  ^ t  _  A" i r  -  v '

f o r  k  -  r + l r . . . r n  s e t :

b i I * I )  =  r r r u ! I )  -  f t ( r n  ^ ( r )  ' , ," i k  
l K  

' i r " r k  ,  ,  '



( r + 1 \  ( r )
r f  w e  a s s u m e  b l i " '  =  o i i '  w h e n e v e r  i  5  r  o r  k  < .  r '  t h e n

I A
t n l

D  -  V .

N o t e t h a t t h i . s a l g o r l t h m n e v e r b r e a k s d o w n a n d y i e l d s

an  uppe r  t r i angu la r  ma t r i x  V  even  i f  some  o f  t he  cu r ren t  ma-

t r i c e s  e ( r )  a r e  s l n g u l a r .  I n  s u c h  a  c a s e  V  i s  a l s o  s i n g u l a r .

3.  THE ROUNDING ERROR ANALYSIS

T h e f o l l o w i n g r o u n d j . n g e r r o r a n a l y s l s l s i n a l l e s s e n -

l deas  due  to  w i l k i nson  [ z ]  .  r ne re  a re  s ] l gh t  imp rovemen ts

i n  s o m e  d e t a i l s .

Le t  us  deno te  t he  l a rges t  e lemen ts  i n  modu lus  a t  each

s tep  by  i r r :

a n d

h  =  m a x  h r ,  t  =  I r . . . r n

U s i n g  ( I )  w e  h a v e

* i r  =  q i r ( f  *  * l r ) ,  i  =  r + I " " ' n  ( 2 )

o l i * t '  =  ( o l ; )  -  ^ r r o l i ) t r  +  v ! l ) ) )  ( I  +  ' l i ) ) ,

i r k  =  r l l , . . . r f l  ( 3 )

w n e r e  
r r \  ( r )  -  ^ ( r )  J  o

e i r  =  b i ; ' / b ; ; '  '  i f  " ,  r  v

=  0  o the rw ise

a n d  l x r r l  ,  t v f i )  t  ,  l r l [ '  I  :  u .  s i n c e  t ' e  a r e  p i v o t i n s '

i e r r l  i - r .  r t  c a n  b e  i h o w n  t h a t  l f l ( x / y )  |  <  I  w h e n e v e r  l * l : l v l

T h e r e f o r e l r n t r l  1  r ,  t o o .

We  can  wr i t e

ol ;* t '  = o1; '  -  * r ,o l i '  *  u j ; ) ,
1 =  y + l r . . . r n i  k  =  f , . . . 1 1 1

ul ; '  =  - * i ,u l i ) r l ; )  ( r  *  , l l ) r  *  (o l ; )  -  * r ,o l i ' , ' l i ' ,
i r k  =  r + l r . . . r n

t i a l

o n l y

a n d

where

.  ' ,  ( r )  '
h r  =  m a x l D . k  I  I ! r k  =  r r . . . r n

a n d

u l l '  *  u l l ) * r r '  i  *  r + 1 " " ' n
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Then

1 ^ ( r ) 1  (  d . h  i  Ll o i k  I  :  u u r l r r  t r K  -  r + l r . , . r n  ( 4 )

a n d

l a ! t ) l c u h  < d u h ,  i = r + I , . . . , n  ( 5 )l - i r  l  :  g . l r  -  g u l l r '

vrhe re

d = 3 + u

w i l k i n s o n  e * n r e s s e a  a l [ )  i n  a n o t h e r  w a y  ( s e e  [ z ] ) :

d i . t )  =  b ! . r + I ) r ( r )  t t t  n  , ! ! ) l  -  m .  o ( r ) , r ( r )- . i k  " i k  " i k  " '  t ^  r r  r x  Y i k

and  hence

1 . 1  
( r )  

1  I  r lt * i k  r  J  r h r + r / ( r  -  u )  +  u h r ,  i , k  =  r + l  1 .  ' . 1 f i  ( 6 )

I t  1 s  p o s s i b l e  t o  s h o w  ( s e e  [ : ] l  t h a t  w e  h a v e  o b t a j . n e d

t h e  e x a c t  < i e c o m p o s i t l o n  o f  t h e  p e r m u t e d  a n d  p e r t u r b e d  i n i t i a l

m a t r i x

P A + E = M V  ( ' 7 )

w h e r e  M  i s  a  u n i t  I o w e r  t r i a n g u l a r  m a t r i x  w i t h  t h e  e l e m e n t s

{ 2 )  b e l o w  t h e  d i a g o n a l ,  P  a  p e r m u t a t i o n  r n a t r i x  o b t a i n e d  b y  t h e

s a m e  l n t e r c h a n g e s  d e f i n e d  b y  t h e  a l g o r i t h m  f r o m  t h e  i d e n t i t y

m a t r l x  f  a n d  E  t h e  m a t r i x  w l t . h  t h e  e l e m e n t s  i n  t h e  r r n n a r  r r i -

a n g l e

i : I  / - \
e i k =  I . u i ; ' ,  r i k  ( 8 )

r = r

a n d  i n  t h e  L o w e r  t r j , a n g l e

I  r - r
e i k  =  ) . d i k "  i  >  k  ( 9 )

r = r

F ron  these  equa t i ons  and  the  bounds  (5 )  and  (6 )  j . t  l s
easy  to  ob ta in  t he  bounds  o f  t he  f o rm  ( see  [ t ]  I

I  l E l  l p  5  c o n 2 u h  ,  p  =  l , - , E  ( r o )

w h e r e  t h e  c o n s t a n t  c p  i s  i n d e p e n d e n t  o f  A .  F o r  i n s t a n c e ,

c r  -  ( 2  -  u l / ( z  -  2 u )
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4 .  A  PRIORI  BOUNDS

To  f i nd  a  p r i o r i  bounds  we  need  a  bound  on  the  g row th

o f - t he  compu ted  e lemen ts .  F rom (3 )  i t  f o l l . ows

h  (  a h  r  =  I  . . . r D - I" Y * ] :  - " t r  L  ' '

where

c = 2 + 3 u + u 2

I Ience

h  .  c r - I h ,  ( r r )
I

and

h  I  c n - l h ,  ( r 2 )
- I

f n s e r t i n g  ( 1 2 )  i n t o  ( I 0 )  w e  o b t a i n  a  p r l o r i .  b o u n d s

I  I r l  l -  1  c ^ n 2 c n - l u h .. ' p :  P  r  
( I 3 )

A s  a  s l i g h t  l m p r o v e m e n t  l t  l s  p o s s i b l e  t o  a v o i d  t h e
a

f a c t o r  n -  1 n  t h e s e  b o u n d s  j - f  w e  u s e  ( f l )  i n s t e a d  o f  ( I 2 )  i n  t h e

^ - n a f  n €  , r n \
t , . v v !  v t  \ r v l .

F r o m  ( 8 )  a n d  ( 9 )  u s l n g  ( f f )  i n  ( 4 )  a n d  ( 5 )  w e  o b t a i n

i -  t

l e . , - l  - :  a u  I  h -  <  d u h , ( c l - I  -  l ) / ( c  -  I ) ,  i  <  k'  I ' K ' �  :  - l r  r

and

k

l " . u l  :  d u  I  h - :  d u h , ( . *  -  r ) / ( c  -  I ) ,  i  >  k
r = l  ^

T h e n ,  f o r  l n s t a n c e ,

I  l E l  l r  s  d u h r l  l r l  l r l ( c  -  r )

w h e r e

r  . .  =  " i - l  -  l ,  i  s  k- i k

=  " k  -  I ,  1  >  k

S i n c e  c  >  I  l t  l s  o b v i o u s  t h a t

I  i - r
l l F l l . '  -  I  ( . t - t  -  r )  =  ( c n  -  L ) / ( c  -  t )  -  n

r  i  - t

a n d

I l n l l r  s  d ( c n  -  I  -  n ( c  -  t ) ) u h r / ( c  -  t 1 "  ( t 1 )

w h i c h  i s  a b o u t  n 2 7 6  t i * " ,  s m a l l e r  t h e n  t h e  b o u n d  ( 1 3 )  f o r  p = l .

S lmi la r ly  we can ge t  the  bounds fo r  the  o ther  two norms.
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pr lo r i  bounds  a re  t he re fo re  o f

5 .  C O N C L U S I O N S

O n  t h e  b a s i s  o f  t h l s  a n a l y s l s  1 t  i s  p o s s i b l e  t o  s t a t e

s u f f i c l e n t  c o n d i t i o n s  w h i c h  w i l I  g u a r a n t e e  t h a t  t h e  c o m p u t e d

u p p e r  t r l a n g u l a r  m a t r l x  V  1 s  n o n - s l n g u l a r  a n d  t h e r e f o r e  t h a t  t h e

G a u s s l a n  e l i m i n a t i o n  w i t h  p a r t i a l  p l v o t , i n g  d o e s  n o t  b r e a k  d o w n .

T I I E O R E M .  I f  I  l e l  l ^  1  e ^  a n d  c o n d ^ ( A )  .  h , / e -  t h e n  r h e
P P I P

m a t r i x  V  i s  n o n - s i n g u J , a r .

P r o o f .  F o r  t h e  n o r m s  l , o , E  w e  h a v e

I  l E l  l p  <  d o c n u h r ,

where  dO is  i .ndependent  o f  A .

h .  <  l l e l  I

P r o m  e q u a t l o n  ( 7 )  i t  f o l

i f  t h e  m a t r i x  P A  +  E  i s

I  1  n - I e r E l  I

T h i s  i n e q u a l i t y  f o l l o w s

a n d  t h e  f a c t  t h a t

Y

l o w s  t h a t  t h e  m a t r i x  V  i s

n o n - s i n g u l a r  o r  i f

< I
!1

d i r e c t l y  f r o m  t h e  h y p o t h e s e s ,  ( 1 6 )  ,

the  fo rm

P  =  l r - r E ( l s )

( r 6 )

n o n - s 1 n g u 1 a r

l l p r e l l ^ = l l e l l ^ ,  p = r , o , E  e . E . D .' P  " P '

I f  t h e  f a i l u r e  o f  t h e  G a u s s t a n  e l i m i n a t l o n  a c t u a l l y

o c c u r s  t h e n  i t  f o l l o w s  f r o m  t h e  t h e o r e m  t h a t

c o n d o ( A )  :  h t / u o

w h e r e  e ^  i s  a n y  b o u n d  f o r  l l E l l ^ .  I i e r e ,  \ r e  c o u l d  u s e  i n  ( f  0 )o ,  
o o u n a  r o t  f  t r t  f o .

t h e  a c t u a l  v a l u e  o f  h .  T o  f i n d  j . t  w e  m u s t  d e t e r m i n e  h ,  a t  e a c h

s t e p .  B u t  t h e n  1 t  w o u l d  b e  m o r e  a p p r o p r i a t e  t o  p e r f o r m  c o m p l e -

t e  p i v o t i n g  s i n c e  n o  a d d i t i o n a l  a r i t h m e t i . c  o p e r a t i o n s  w o u l d  b e

n e c e s  s  a r y .

B e c a u s e  o f  t h e  e x p o n e n t i a l  f a c t o r  i n  t h e  a  p r i o r i  b o u n d s

( I 0 )  a n d  ( I 5 )  t h e  t h e o r e m  i s  v e r y  w e a k .  T h e  f o l l o w i n g  t a b l e

s h o w s  t h e  p r e c l s i . o n  r e q u i r e d  b y  t h e  t h e o r e m  u s i n g  ( I 4 )  i n  o r d e r

t o  g u a r a n t e e  n o n - s j . n g u l a r  V  w h e n  r o u n d l n g  i h  b a s e  I 0  f o r  s o m e

t y p i c a l  c o n d i t i o n  n u m b e r s  a n d  a  f e w  n :



Q I

m l n l m a l  l e n g t h  o f  m a n t l s s a

c o n d r ( A )  n  =  5  n  =  I 0  n  =  I 0 0

1 0 2

l o 4

1 0 -

3 2
3 4
J O

3 8

3 5
> t

7 9

9  I I

Fo r  l a rge  n  t he  resu l t s  a re  ve ry  un rea l i s t i c .  Th i s  shows

t h e  w e a k n e s s  o f  t h l s  a  p r i o r i  e r r o r  a n a l y s i s .
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