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ABSTMCT:

fn this pqer a suffiaent eondition for the non-faiLure of Gaussian eli-

miration for positiue definite natr-iees in standed floating-point arith'-
m e t i c . i e  p n o o e d .  I h e  x e s u l t  i e  s i m i l a r  t o  W i l k i n s o n ' e  f o r  t h e
ChoLe  sky  f ae to r i  za t i on .
GAUSOVA ELIMINACIJA ZA POZITM\0 DEFINITNE MATRICE.U ouom ra&t je dokazan

doooljan uslott za izoodljittost Gausoue elinrinaet,je za pozitiuno definitne

matrice za aritnetiku u ponr[.Enom zarezu. Rezultat je sLi\ar Wilkinsonooon

za fakton'izaeiju Choleskoga.

. I .  INTRODUCTION

Let  A be a real  syrrnetr ic  posi t ive def in i te  matr ix  of  order  n.  Gaus-
s ian e l iminat ion for  the solut ion of  the system of  l inear  equat ions

A x = d

yietds a set  of  equivalent  systems

o ( r ) " = d ( r ) ,  r = , | , . . . , n

wherc A(1)  = A,  d( l )  = a ana R(n)  is  an upper t r iangular  matr ix .  The natr ix
R(r)  has the fo l lowing b ' lock st ructure

rr r  X I
( 1 )  s ( r )  =  l ] . . " 1\ ' '  " 

t0 o"J
where u" is an upper triangular matrix of order r-l and A" a square matrix
o f  o rde r  n - r+1 .

The matr ix  A"  is 'syrmetr ic  by construct ion as we calcu1ate only e le-
ments in  the upper t r iangle,  for  instance.  l l i lk inson [2]  proved that  the
matr ix  A"  is  a iso posi t ive def in i te  and that  there is  no growth of  the e le-
nnnts.  This is  t rue only for  the exact  ar i thmet jc .

The presence of  rounding errors may destroy the or ig inal  posi t ive
def in i teness.Therefore,  to  ensure the non-fa i lure of  the method i t  is  ne-
cessary to requi re more than just  that  the smal lest  e igenvalue of  the or i -
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g ina l  ma t r i x  i s  pos i t i ve .

In the analys is  of  rounding errors we shal ' l  use the equat ion

( ? )  f 1 ( x * y )  =  ( x * y ) ( l  +  e ) ,  l e l  <

where x and y are any standard floating point numbers and fl(x*y) denotes
the computed result of any of the four arithmetic operations. !^le sha'l l
suppose that the re'lative error of an arithmetic operation is bounded by
the uni t  rounding error  which is  norma' l1y

, = bl 't/z (for rounding )

=  g l - t  ( f o r  chopp ing )

where t  is  the length of  the rnant issa in  the base b (usual ly  2 or  10) .  I t
is  of  course assumed also that  dur ing the computat ion no over f low or  under-
f low occurs.

In the fo l lowing we shal l  leave out  a l l  the work wi th the r ight-hand
s i d e s .

2.  THE ALGORITHM AND ERROR ANALYSIS

l l le  denote the current  ca lculated matr jx  at  the r - th s tep by A(r) .
I t  has the same block st ructure as the matr ix  (1)

l - v  Y l
n ( r )  =  I ' r  

' " 1
-  

l s  B - l
I r l

I t  is  assurnd that  the matr ix  A = B(1)  i ,  tn"  matr ix  s tored in  the computer .
The matr ix  B"  is  symmetr ic  by construct ion.  h le shal l  ca lculate only  the e le-
ments in  i ts  upper t r iangle.

The a lgor i thm for  the calculat ion of  the upper t r iangular  matr ix
g ( n )  i s  a s  f o l l o w s :

r  =  1 ,  . , .  ,  n - 1 :

i  =  r + 1 ,  . . .  ,  n :
(3)  m,"  = f r luf i lzof i l t

k  =  ' i ,  . . .  ,  l l r

( 4 )  o ! [ - t )  =  r ( b ( [ )  -  1 1 ( m , " b l [ ) ) )

Al l  essent ia l  ideas of  the fo l lowing error  analys js  are due to l , l i l -
k i n s o n  [ 2 ] .
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Us ing  (2 )  i n  (3 )  and  (4 )  we  have

( 5 )  m i " = 9 i " (  1  + x i " ) ,  i = r + l r . . . r r l

and
/ n r l \  / n \  / n \  / n \  / n \ -

( 6 )  b l i - ' '  =  ( b i l '  -  m r " u l j , i ( 1  *  v l i ' ) ) ( 1  +  t l ; . ' ) ,  i  =  r + 1 ,  . . . ,  n i
k  =  j ,  . . .  ,  n

wnere
/  r \  

, ( r )(7 )  e ; "  =  b l j  / / b r "

and
,  / n \ .  / n \ .( 8 )  l x r " l ,  I v l j , i  I ,  l z l i . /  |  s  u

We can write the equation (6) in the form
/ n r 1 \  l - + 1 ) .  r ( r )( e )  b i l " ' = . i l  - i k

where
/ m , r \  r - )  _  ^  ^ ( r )(  10 )  . i i . '  '  ,  =  b \ ; .  r i  r - r k

and

( r )  o{ [ )  =  -o , ru f [ ) t " . .  *  r1 [ )  *  * i " r { [ )y1r  + z{ [ ) )  +  c{ [ *1) ' { r )

The bound for  th is  eror  wi l l  be q iven below.

3. THE THEOREM

Let us denote the srnal lest  e igenvalue of  a syrunetr ic  matr ix  A by

r , (A)  and def ine

( 1 2 )  h "  =  r u r ,  l u ! [ ) l  ,  r  =  t ,  . . .  ,  n .'  rs i ,k<n " '

Then the fo l lowing theorem ho' lds.

THEOREM. Let A be a synunetric pos'it ive definite matrix of order n

w i th  i t s  sma l l es t  e i genva lue  sa t i s f y i ng

( , | 3 )  ) " (A )  >  cn (n - l ) h , , u

w h e r e c = ( 4 + g u + u 2 ) / 2 .

Then  the  fo l l ow ing  i s  t r ue  f o r  r  =  1 ,  . . .  ,  n :

( i )  the matr ix  B"  is  synnetr ic  posi t ive def in i te  and

r , (8 " )  >  c (n - r+1  ) (n - r )h ,u

( i i )  h "  s  h ,
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PR00F. lJe shal l  prove the theorem by the mathemat ica l  induct ion wi th
r€spect  to  r .

L e t  r  =  1 .  T h e n  ( i )  c o i n c i d e s  w i t h  ( 1 3 )  a s  A  =  B ( 1 )  =  B t  a n d  ( i i )  i s

tri vi al .

Let  lsrsn- l  and suppose that  ( i )  and ( i i )  ho ld for  th is  r .  Denote by

C"*,  the square matr ix  of  order  n-r  wi th the e lements (10)  for  r+ ls i ,ksn.
Then in v iew of  (9)

B r + i = C r * l * D r

where the e lements of  D" are def ined by ( l l )  for  r+ ls i ,ksn.  Since B" is
syrnetr ic  by ( i ) ,  C"* l  is  a lso syrct r ic  (see [2] ) .  The matr ix  B"* '  is  sym-
nBtr ic  by construct ion,  hence D" is  syrnetr ic  as we1l .  By a coro l lary of  the
mininax theorem (see [3] )

(14 )  r (B r+ t )  >  ̂ ( c r+ t )  +  r (D r )  >  r ( c r+ , t )  -  l lD r l l
The matr ix  B"  can be 'wr i t ten in  a b lock fonn

[o(ll ull
( 1 5 )  B -  =  |  

" "  ' l

[0" t"l
T  / n \  / n \

where  b ,  =  tb | , | * f ,  . . .  ,  b f i i  J  and E"  i s  a  squane mat r ix  o f  o rder  n - r .
Then the natrix C"*,, with the elenpnts (10) can be wrjtten as

(16) Cr+1 = e" -  e"bl
where q" = ( l /bl l ) )br rrom,(7).  The matr ix B, is posi t ive def ini te by hypo-
thesis ( i )  and therefore bl i r  t  0.  Let x" be anv vector of dinension n-r.
Then from (16) i t  fo l lovls

(17) "lc"*r"" = "]r""" - tu|""lztuff)
f-et yl = ta, x|l where a 'is any real number. Then by block multiplication
we obtain from ( '15)

rlt/" = fo(r) + za(blx") * *]r"""
which can be expressed by means of  (17)  as

(tB) ,lt/" = *]c"*,*" + laufr) * u]""lztuff)
I fwe now take x, to be 6ny normal ized eigenvector coresponding to the
smal lest eigenvalue ^(C"*t)  and a = -1ulx")/Uif)  i l , .n i t  fo l lows from (18)

ylt/" = r(c"*1)
But
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v l t / ">  r . (s " ) (v lJ " )  =  r (Br ) (az  *  1 )>  r (Br )

and therefore

^ ( C r + 1 ;  >  l ( 8 " )

Thus i t  fo l ' lovs f rom (14)

(  re)  r (Br+t )  > r(Br)  -  l l  Dr l l

To set an upper bound forl lo"l lwe observe that (bl[))z < bli)b[[) since B"
is  posi t ive def in i te  by hypothesis  ( i )  and therefore i t  fo ' l1ows f rom (7)

a n d  (  1 2 )

=  ( b { f ) b [ [ )  ) 1 / 2  ,  h "

Us ing  th i s  i nequa l i t y  we  ob ta in  f r om (11 ) ,  ( 8 ) ,  ( 10 )  and  (12 )  t he  bound
/ F w

l A i i / l  s  ( 4  +  3 u  +  u ' ) h " u  =  Z c h " u ,  r + 1  s  i ' k  s  n

For any of the standard norms

l l D r l l o  s  2 c ( n - r ) h " u ,  P  =  7 ,  2 ,  - ,  E

Therefore for any such norm i t  fol lows from (19) and hypotheses ( i )  and ( i i )

r (Br+ t )  >  c (n- r+1) (n- r )h . 'u  -  2c (n- r )h ru  >  c (n- r ) (n - r -1 )h tu

whi ch proves ( i  ) .

To  prove ( i i )  no te  tha t  h "  =  ta*  U! f ) ,  rs i<n '  s ince  B"  i s  pos i t i ve

def in i te .  F rom (4) ,  (5 )  and (7 )  we have
/ n r l \  / n \  l o \  2  t f  n \  / n \b i i " ,  =  f t ( b l i . i  -  ( b ) . i , ) ' ( t  +  x . ' " ) ( 1  *  v l i , ) / b | ; / )

For any base b > 2 and length t  > 1 the uni t  rounding error  sat is f ies

u s 1 and therefore I  *  r i "  and I  + v{ i )  u"*  because of  (8)  nonnegat ive.

I t  can be shown (see [1] )  that  when subtract ing a nonnegat ive number f rom

a positive one the computed resu'lt cannot exceed the minuend. Hence

^ ( r + 1 )  .  * ( r )" i i  -  " i i

and  because  o f  pos i t i ve  de f i n i t ness  and  ( i i )

( 2 0 )  h r + 1  <  h "  s  h ,

which proves ( i i ) .  The theorem is  proved.

The resu] t  is  s imi lar  to  the one obta ined by lJ i lk inson in [4]  for

Cholesky factor izat ion of  the matr ix  A.

tc,"u[)t= 1r[t)ut;)/bi i)t  < (bi i)b{i)bl i)6[;)1tl275(r) =
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4. CoNCLUSIoNS

The inrnediate consequence of (20) is the assertion that there is no

growth of  the computed e lerpnts dur ing the Gaussian e l iminat ion,  prov ided

the assumptions of the theorem hold. Such assertion for exact arithmetic

was  p roved  by  W i l k i nson  i n  [ 2 ] .

Suppose we have a synrctric positive definite matrix A of order n.

In the following table the precision required by the theorem when rounding

in base l0 'as a funct ion of  the quot ient  h l l l (A)  for  some typical  n are

gi ven .

min imal  length of  mant issa

h t l l ( A )  n = 5  n = , l 0  n = 1 0 0

The resul ts  are rather  pessimist ic .

We can express the assumptions of the theorem in terms of the con-

d i t i on  number .  S ince  r (A )  =  f  / l n -1112  ana  l lA l l '  >  h , ,  we  have  d i rec t l y

C0R0LLARY. I f  A is  a syrnretr ic  posi t ive def in i te  matr ix  and
. .  . .  - t . .

c o n d 2 ( A )  =  l l A l l z l l A  
' l l ,  <  1 / ( c n 1 n - 1 ) u )

then the conclus ions of  the theorem are va ' l id .
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