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ABSTRACT:

Wilkinson [1] proved that the property of columnwise diagonal
dominancy is preserved during the Gaussian elimination. This
is true only for exact arithmetic. In this paper a correspon-
ding theorem for floating point arithmetic is proved.

GAUSOVA ELIMINACIJA ZA DIJAGONALNO DOMINANTNE MATRICE.
Wilkinson [1] je dokazao da se osobina dijagonalne dominant-
nosti po kolonama u toku Gausove eliminacije ne narudava. To
Je tadno samo za egzaktnu aritmetiku. U ovom radu dJe dokaza-
na odgovarajuda teorema za aritmetiku u pomidnom zarezu.

1. INTRODUCTION

Let A be a real square matrix of order n. The Gaussian
elimination for the solution of the system of linear equations
Ax = b
yields a set of equivalent systems
A(r)x . b(r')

s r = 1,...,n

where A(l) = A, b(l) = b and A(n) is an upper triangular ma-

trix. The matrix A(P) has the following block structure
U X
(1) alr) r r
? A
r

where Ur is an upper triangular matrix of order r-1 and Ar

a square matrix of order n-r+i1.

Wilkinson [1] proved: If the original matrix A is
columnwise diagonally dominant, i.e. if

n
]akk[ > -leaikl s k=1,...,n

i=

itk



then the matrix Ar is also columnwise diagonally dominant, i.e.

(r) ¢ (r), S
{akk | > z Eaik |, kK = ry...,n
i=r
1k
for all r = 2,...,n-1. He also proved that
(r) o
max |aik < Q.max,aik{.

i,k,r i,k

Unfortunately, the presence of rounding errors may de-
stroy the original diagonal dominancy. Therefore, to ensure
the nonfailure of the method it is necessary to require more

than just a mere diagonal dominancy.

In the analysis of rounding errors we shall use the
equation
(2) flixoy) = (xoy)(1 + e) , Je|l < u
where x and y are any standard floating point numbers and
fl(xoy) denotes the computed result of any of the four arith-
metic operations. We shall suppose that the relative error of
an arithmetic operation is bounded by unit rounding error
which is normally

- 72 (for rounding)

= p7t (for chopping)

where t is the length of the mantissa in the base b (usually
2 or 10). It is of course assumed also that during the computa-
tion no overflow or underflow occurs.

In the following we shall leave out all work with the

right-hand sides.

2. THE ALGORITHM AND ERROR ANALYSIS

We denote the current calculated matrix at the r-th step

by B(r). It has the same block structure as the matrix (1)

.
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It is assumed that the matrix A = B

(1)

in the computer.

The algorithm for the calculation of the upper trian-

gular matrix B is as follows:
r = 1,...,n"1:
1 = r+ly.,.,
_ (r) (r)
(3) m, = fl(b /brr )
k = r+1,...,n
p(r+1) (r) _ (r)

(4) 1k = fl(b fl(mlrbrk ))

Let us denote
(5) hr = max[b(i)l » 1,k = r,...,n
and
(6) h = maxhr s P = lseaasn

Using (2) in (3) and (4) we have

m;. = q r(l + Xir) s 1 = r+l,¢s.,n
and
(r+1) (r) _ (r) (r) (r)
(7 1k bik mlP rk 1+ Yi PILL 4 23 ) s
ik = r+1,
where
_ (), ()
(8) dip = Pip /brr
and
(r) (r)

(9) Ixir] ly [ Izik | <

Let us suppose that
(10) la; .| <1

(n)

We can write equation (7) in the form

is the matrix stored

(r+1) - (r) _ (r) (r) ;
(11 1k - 1k qirbrk * dik + 1
where
(r) _ (r) (r) (r
1k - qlrbrk (X Y Yix t XipYik
(r) (r) (r)
+(bik - qlr rk )Zlk

Then we can obtain the bound for d:

(r

(12) ldir

Now,

(P
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)

| <nh (2u+u?)(1+u) + 2un
r r

) using (5),

= {4

we can formulate the theorem.

sk = r+l,

Yy(1 + 2T

5
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(9) and (10)



3. THE THEOREM
Let A be a columnwise diagonally dominant matrix of
order n and furthermore, let
n
(13) Iakkl > iillaikl + cun(n—l)lakkl s, k= 1,...,5n
14k
where ¢ = 4 + 3u + u2, and u is the unit rounding error.

Then the following is true for r = 1,...,n:

(i) the matrix BP is columnwise diagonally dominant and

furthermore,

|b (P)I 2 [b(r)[ + culn-r+1)(n-v) |a, | » k = rs.eesn

n n
(i) 5 b o 1 lagel + cutznerd(e-Dag | > k = rhe.,n
i i=1

(iii)

Ib(P)l

fia

(2 - cu(n—r+1)(n-r))|akk| , i,k = Py.e.yn

PROOF. We shall prove the theorem by the mathematical induc-

(1) _ -
= B, A,

proposition (i) coincides with (13). Obviously, (13) implies
that cun(n-1) < 1. Therefore, (ii) and (iii) hold trivially

tion with respect to r. Let r = 1. Then, since B

for r = 1.

Let propositions (i) - (iii) hold for some r, 1 <r <

<n-1, and let r+l < k < n. From (11) and (8) we obtain

n n

(14) LN Nl)l < Ib(r)l/lb(r)| ]I g)l *
i=r+ i:r‘+1
i#k ik

+

n n
(r) (r)
IR LT B S N - i
i=r+l i=r+l
itk itk
From (i) and (8) it follows that the inequality (10) holds.
Therefore, we can use the bound (12) in (14). From (i) it

follows

E l (P)l lb(r)1 lb(r)l

iz=r+l
ik



So, from (14) we have

n
1
i_§+1l I‘+ )l < | (I’)!([b(l‘)‘ | (r)‘)/‘b(r‘)‘
i#k
g (r)
+ 1 Ibsy |+ cuh (n-r-1) =
i=r+l
i#k
n
.2 | b (r)l iqkr|[b(r)l + cuh_(n-r-1)
?

Finally, from (i), (iii), (11) and (12) it follows

n
: y lb(r+1)| ]b(r)[ - culn-r+)(n-v)|a,, | -
=r+
i#k
qurli (r)| + 2cu(n-r-1)|a, | <

< [b(r+1) - (r)| - cul(n-r)(n-r-1) + 2)|a,. | <
kk
< |b(r+1)[ + 2culay, | - cul(n-r)(n-r-1) + 2)|ay,|
(r+1)
by 7

< - culn-r)(n-r-1)|a., |

which proves (i).

To prove (ii), note that

n

(15) Y olas] <1
i=p+1 T

because Br is columnwise strictly diagonally dominant. There-
fore, (11), (12), (15) and (iii) imply that

n n n n
(r+1) (r) (r) (r)
1 Ib; | < 1 Ib5 71+ by | I lag b+ 1 | =
i=pr+1 ik i;r+1 =r+1 1T i=r+1
(r)
< izrlb 71 + 2cu(n- r)}akkl

Then, using (ii) it follows

n n
(r+1)
(16) |b | < la.. | + cu(2n-r)(r-1)la,, |
i=£+1 N izl =k K
+ 2culn-r)|ay, |
n |
= izllaikl + cu(2n-r-1)r|ay, |

and we have obtained the same inequality (ii) in which r is
replaced by r+l.



If we proceed and use the inequality (13) in (16) we get

n
(r+1)
I oIbip 7

ik 2]a - cun(n—l)lakkl + cu(2n—r-1)r|akk[ =

lia

l
i=r+1 Kk

2| -cu(n-r)(n—r-1)|akk]

Ayl
Therefore, for each pair i,k = r+l,...,n

(r+1)

|bik | < (2 - cu(n-r)(n-r-l))]akk[

which proves (iii).

4. CONCLUSIONS

The assumptions of the Theorem are sufficient to ensure
that the Gaussian elimination in floating point cannot break
down. All the quotients m; . are bounded in modulus by 1 and the
pivotal growth of the computed elements is bounded by 2. There-
fore, in view of Wilkinson’s error analysis [1] the Gaussian
elimination for matrices which satisfy (13) is numerically

stable.

The Theorem also enables us to determine the minimal
length of the mantissa which ensures that the breakdown of
the Gaussian elimination cannot occur. Let the matrix A be

such that

The following table shows the minimal length of the mantissa

in dependance on d and n with rounding in base 10.

minimal length of the mantissa

d n=s n =10 n = 100
1°001 6 2 T
' 1701 5 6 8 §
{ 4= 4 4 5 7
1°5 4 4 6
2 3 4 6
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