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t - s .  t r u g  o n l g  f , o n  e x a e t  a r i t h n e t i c .  I n  t h i e  p a p e ?  a  c o p r e a p o n -
d i n g  t h e o r e m  f o t  f l o a t i n g  p o i n t  a r i t h n e t i c  7 s -  p t o t e d ,

G A U S O V A  E L I M I N A C I J A  Z A  D I J A G O N A T N O  D O M I I , I A N T N E  M A T R I C E .
I l i l k i n e o n - l 1 l  i e  d o k a z a o  d a  s e  o e o b i n a  d i j a g o n a L n e  d . o m i n a n t -
n o e t i  - p o  k o l o n a m a  u  t o k u  G a u s o l ) e  e t i m i n a e i j L  n e  n a z , u E a u a .  T o
je  tadno samo za  egzak tnu  ar i tmet iku .  (J  o t tom nadu je  dokaza-
n a  o d g o o a r a i u C a  t e o z , e m a  z a  a r i t n e t i k u  u  p o n i | i i i  " L o " " u .

I .  I N T R O D U C T I O N

Let  A be a real  square matr ix  of  order .  n.  The Gaussian
e l im ina t i on  f o r  t he  so lu t i on  o f  t he  sys tem o f  l i nean  equa t i ons

A . x = b

y ie lds  a  se t  o f  equ i va len t  sys tens

o ( n ) *  =  5 ( r )  :  , ,  =  1 r . . . r n

where  A (1 )  -  A ,  b (1 )  =  b  and  A (n )  i s  an  uppe r  t : r j - angu la r  ma-
tn ix .  The matnix  A(")  h""  the fo l lowing b lock st rucrure

( 1 ) ^  ( r )
A =

whene Uo is  an upper tn iangular  matr ix  of  onder r -1 and
a squane matnix  of ,  order  n-r+1.

Wi l k i nson  [1 ]  p roved :  I f  t he  o r i g i na l  ma t r i x  A  i s
co lumnw ise  o iagona l l y  dominan t ,  i . e .  i f

|;" :l

:  ! t
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t h e n  t h e  m a t r i x  A "  i s  a l s o  c o f u m n w i s e  d i a g o n a l l y  d o m i n a n t ,  i . e .

,  ( r ) ,  I  ( r ) '
l a , - ; - l  >  )  i a r i ' t  ,  t  =  r r . . . r n
'  

A A  I A

i ; ;
f o r  a l l  r  =  2  r . . .  r i - 1 .  h e  a l s o  p r o v e d  t h a t

o . *  1 " f f ) l  :  z . r n a x l a , u l "
+  t  r \  t  r  *  t  ' .

U n f o r t u n a t e l y ,  t h e  p r e s e n c e  o f  r o u n d i n g  e r r o r s  m a y  d e -

s t r o y  t h e  o r i g i n a l  d i a g o n a l  d o r n i n a n c y .  T h e r : e f o r e r  t o  e n s u r e

the  nonfa i lu re  o f  the  method i t  j , s  necessary  to  requ ine  more

t h a n  j u s t  a  m e r e  d i a g o n a l  d o m i n a n c y .

I n  t h e  a n a l v s i s  o f  r o u n d i n s  e r r o r s  w e  s h a 1 1  u s e  t h e

equat  ion

( 2 )  f l ( x o y )  =  ( x o y ) ( 1  +  e )  ,  l e l  .  u

where  x  and y  a re  any  s tanc la rd  f loa t ing  po in t  numbers  and

f 1 ( x o y )  d e n o t e s  t h e  c o m p u t e d  r e s u l t  o f  a n y  o f  t h e  f o u r  a r i t h -

m e t i c  o p e r a t i o n s .  l r l e  s h a l l  s u p p o s e  t h a t  t h e  r e l a t i v e  e r r o r  o f

an  ar i thnre t ic  opera t ion  i -s  bounded by  un i t  round ing  er ron

which  is  normal ly

.  t -  L  ,
u :  b -  

- / ?  ( f o r  r o u n d i n g )

=  5 1 - t  ( f o r  c h o p p i n g )

w h e r e  t  i s  t h e  l e n g t h  c f  t h e  m a n t i s s a  i n  t h e  b a s e  b  ( u s u a l l y

2  o r  1 0 ) .  I t  i s  o f  c o u r s e  a s s u m e d  a l s o  t h a t  d u r i n g  t h e  c o n P u t a -

t i o n  n o  o v e r f l o w  o r  u n d e r f l o t ^ r  o c c u r s .

In  the  fo l low inc  we sha l - l  leave ou t  a l l  work  w i th  the

r i g h t - h a n d  s i d e s .

2 .  T H E  A L G O R I T H M  A N D  E R R O R  A N A L Y S I S

l ^ I e  d e n o t e  t h e  c u r r e n t  c a l c u l a t e d  m a t r i x  a t  t h e  r - t h  s t e P

b y  F j t " .  I t  h a s  t h e  s a m e  b t o c k  s t r u c t u r e  a s  t h e  m a t r i x  ( 1 " )

, ( : )  .  l u "  
t " l

l a  B l
L  Y ' I



r t  i s  assumed tha t  the  mat r " i x  A  =  B(1)  i "  the  na tn ix  s toned
in  the  computer .

The a lgon i thn  fon  the  ca lcu la t ion  o f  the  upper  t r ian-
g u l a n  m a t n i x  B ( t )  i "  a s  f o l l o w s :

n  =  1 r . . . r n - 1 :

i  =  r + 1 r . . . r n :

(3 )  m i r  =  r1 (b l I ) / b l l ) )
k  = : r + 1 r . . . r n :

(4) ol i l - t )  = r l (of i l )  -  n(mirbl i l ) ))
Let  us denote

( 5 )  n "  = , n " * l u f i l ) |  ,  i , k  =  r , . . . , n
and

( 6 )  h  =  m a x h o  :  r  =  1 r . . . r D

U s i n g  ( 2 )  i n  ( 3 )  a n d  ( 4 )  w e  h a v e

^ i o  =  9 1 o ( 1  *  x i : : )  ,  i  =  p + 1 r . . . r n

and

o)  o f i l - t ,  = ,01 i l ,  -  * i "o l i l )< r  *  y1 ; ) ) ) (1  + ,1 I , ,  ,
i r k  =  r + 1 r . . . r n

where
( R )  * ( r ) r * ( r )Y i r  -  " i n  ' ' r r

and

( e )  l * 1 o l  '  t v f i ) t ,  l " f i l , l  : ,
Le t  us  suppose  tha t

( 1 0 )  l o g " l  s  I

We can  wr i t e  equa t i on  (7 )  i n  t he  f o rm

( 1 1 )  o f i l - t ' =  o l | ' -  n r " o l i l )  -  o l i l ,  ,  i , k  =  r + 1 , . . . , n
where

oli l '  = -or"oli l)(*i" * ul i l '  .  * i .vl i l))(, * , l i)r -
-,01il '  - or"ol i l , , , l i l ,

T h e n  w e  c a n  o b t a i n  t h e  b o u n d  f " "  a f f )  u s i n g  ( 5 ) ,  ( 9 )  a n d  ( 1 0 )

( r 2 )  l o l ; ' l  :  h " (  2 u * u 2 ) ( 1 + u )  +  2 u h r  =  ( 4  +  3 u  +  , . , 2 ) u h "

l ' Jow,  we can fo rmul -a te  the  theoren.
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3 .  T H E  T H E O R € M

Let A be a columnwise diagonally dominant matrix of

onden n and fur thermore,  1et

( 1 3 )  l . * l '  
r l r l " i r l  

*  c u n ( n - 1 ) l a 1 p l ,  k  =  1 " " ' n

i l k

whene c = 4 + 3u + u2,  and u is  the uni t  rounding error .

T h e n  t h e  f o l l o w i n g  i s  t r u e  f o : r  r  =  1 r . . . r r l l

( i) the natrix B" is columnwise diagoaally doninant and

furthenmone,

l o f i l ) l  '  . I  l o l i ) l  +  c u ( n - r + 1 1 ( n - r ) l a 1 p l  ,  k  =  P ' . . . ; D
a = r
i l k

n , . n
( i i )  I  l u l l ' l  : . 1  l " t n l  +  c u ( 2 n - r ) ( r - 1 ) l a s l  ,  k  =  F ; . . . ; D

i= "n '  r rc  '  :  
i= -1  

'  t ^  '

( i i i )  l o f i l )  l  s  ( 2  -  c u ( n - r + 1 ) ( n - r ) )  l a k k l  ,  i n k  =  r 1 . . .  e n

PROOF. We shal l  prove the theorem by the nathenat ica l  induc-

t i on  w i t h  resPec t  t o  r .  Le t  n  =  1 .  Then ,  s i nce  B " '  =  81  =  A t

pnopos i t i on  ( i )  co inc ides  w i t t r  ( 13 ) .  Obv ious l y ,  ( 13 )  i r np l i es

tha t  cun (n -1 )  <  1 .  Thene fo re ,  ( i i )  and  ( i i i )  ho ld  t r i v i a l l y

f o r  r  =  1 .

Le t  p ropos i t i ons  ( i )  -  ( i i i )  ho ld  f o r  some  r ,  1  <  r  <

s  n -1 ,  and  1e t  r+1  S  k  s  n .  Fnom (11 )  and  (8 )  we  ob ta in

n(14) 
,=i* ,  tof i l - t ' |  = lo l i l '  t ,  to l l ' ' r=I_,  lo l ; )  |  -

i l k  i l k

n  |  .  n  r - - \

I  l u f f ' t *  t  t d : I ' lt ; i i ' '  ' *  t ; : i ' '  ' "

Frorn ( i )  and (8)  i t  fo l lows that  the inequal i ty  (10)  holds.

Therefon 'e,  we can use the bound (12)  in  (1a) .  Fron ( i )  i t

follows

n
i  l u l o ) r  .  1 n ( r ) s -  t u j " ) l

i = f 1 1  
l " i n  l " r n  I  l " k r  I

i l k



So, fnorn ( 14 ) we have

n

,= i * r to f i l - t ) t  r  tb : i l ) t ( to : : ) l  -  to l l )1v1uf i )1  .
i l k

*  
,= [ * r lo l i l ) l  

+  cuho(n- r . -1 )  =

i l k

= 
, i " to l i l ' l  

-  [e1"]  to: l ' l  + cuh"(n-r-1)
i l k

F i n a l l y ,  f r o n  ( i ) ,  ( i i i ) ,  ( 1 1 )  a n d  ( 1 2 )  i t  f o l l o w s

n

i= i * r to f i l * t ' l  
.  lo l i l ) [  -  eu(n-n+r ) (n - r ) la*11

i r k  
-  l c * o l t o l ; ) l  +  2 c u ( n - r - r ) l a n * l  s

r  lo f i l * t ' -  o ,1 I ' l  -  cu( (n- r ) (n- : r -1)  +  2 l lannl  s .

s  l o l i l * t ) l  +  z c u I a 1 1 ]  -  c u ( ( n - n ) ( n - r - 1 )  +  2 ) [ a * * l  s

s  t o l ; * t ) l  -  c u ( n - r ) ( n - r - 1 ) l a * 1 1

wh ich  p roves  ( i ) .

To  pnove  ( i i ) ,  no te  t ha t

( 1 s )

T h e n ,

( 1 6 )

,= l * r ln ,o l  
<  1

because Bo is  co lumnwise stn iet ly  d iagonal ly  dominant .  Thene-

f o n e ,  ( 1 1 ) ,  ( 1 2 ) ,  ( 1 5 )  a n d  ( i i i )  i m p l y  t h a t

i  r o ! : * 1 ) r  .  I  r u ! : ) r  *  r u ( . " ) '  P  '  I  r a ! r ) r
i = f 1 1 1 - i k '  

=  
i = f * r r - i k  

I '  r - r k  l i = j * 1 l q i " t  *  
i = | * 1 l o i t  

|  5 '

s  . i  t o ! | ' l  +  z c u ( n - n ) l a p 1 l
L = r

us ing  ( i i )  i t  f o l l ows

i  t o l l . t ' L  . i -  l " r * l  +  cu (2n - r ) (n -1 )  [a *n l  +
i = i + 1 '  ] K  -  

i f 1 '  r x '

+  z c u ( n - r ) l a * 1 1  =

F l r
= 

g!, |  
. i* I  + cu( 2n-n-!):r Ia11 I

and we have obta ined the same inequal i ty  ( i i )  in  which n is

nep laced  by  r+1 .
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I f  we  p roceed  and  use  the  i nequa l i t y  (13 )  i n  (16 )  we  ge t

l � .  ( r + 1 ) ,
.  i  _ l b i k ' " 1  s  2 l a * 1 1  -  c u n ( n - 1 ) l u r r l  +  c u ( 2 n - r - ! ) r l a n n l  =
] - : T + T

=  2 l " r k l  - c u ( n - r ) ( n - r - 1 )  l a o p l

T h e r e f o r e ,  f o r  e a c h  p a i r  i . r k  =  p + 1 r . . .  r n

l o l . i l . t ' l  . , 2  -  c u ( n - r ) ( n - r - 1 1 ) l a o 1 l

which  p t loves  (  i i i  )  .

4 .  C 0 N C L U S I 0 N S

The assumpt ions  o f  the  Theorem ar :e  su f f i c ien t  to  ensure

tha t  the  Gauss ian  e l im ina t ion  in  f loa t ing  po in t  cannot  b reak

down.  A11 the  quot ien ts  m. r  a re  bounded in  modu lus  by  1  and the

p ivo ta l  gnowth  o f  the  cornputed  e lements  i s  bounded by  2 .  Thene-

f o n e ,  i n  v i e w  o f  W i l k i n s o n ' s  e l : r o n  a n a l y s i s  [ 1 ]  t h e  G a u s s i a n

e l i m i n a t i o n  f o r  m a t r i c e s  w h i c h  s a t i s f y  ( 1 3 )  i s  n u n e r i c a l l y

s t a b l e .

The Theor :em a lso  enab les  us  to  de termine the  min imar

length  o f  the  rnant issa  wh ich  ensures  tha t  the  bneakdown o f

the  Gauss ian  e l i .m ina t ion  cannot  occur .  Le t  the  mat : : i x  A  be

such tha t

l a , - , - l  : a . l  l " r u l  ,  k  =  1 , . . . , D
+ : t '  

a K '
l _  tK

The fo l low ing  tab le  shows the  min ima l  leng th  o f  the  mant issa

in  dependance on  d  and n  w i th  nound ing  in  base 10 .

min ima l  leng th  o f  the  mant issa

n :  l -0 n  =  1 0 0
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