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Abstract. In this paper we define the semantics for capturing possi-
bilistic ordered disjunction programs based on pstable semantics. The
pstable semantics, based on paraconsistent logic, allows to treat inconsis-
tency programs. Moreover being closer to possibilistic inference it allows
to extend the necessity-values of the clauses to be considered, causing a
higher level of comparison at the moment of selecting preferred pstable
models of a possibilistic ordered disjunction programs. We compare the
possibilistic pstable semantics for ordered disjunction programs with the
recently defined possibilistic answer set semantics for the same class of
logic programs.

1 Introduction

Logic programs with ordered disjunction (LPODs) are extended logic programs
based on answer set semantics with a new ordered disjunction logic connector ×
which can capture preferences between literals. An ordering between the valid
models of a LPOD can then be specified through some comparison criteria,
which allow to compare answer sets based on the preferences rules’ satisfaction
degree [2]. Therefore they are classes of logic programs that fit well in problems
such as configuration management, policy monitoring and user preference repre-
sentation and reasoning [2]. However, in realistic scenarios preference rules can
be associated with a degree of relevance (or uncertainty) which can affect the
established preference order, preventing the achievement of a single preferred
solution, and some of these cases can be handled by possibilistic semantics for
ordered disjunction programs [3].

Nevertheless, the syntax of a logic program with ordered disjunction allows
the writing of programs such as b × a ← not a, which are considered inconsis-
tent because, under answer set semantics, they do not have any answer sets.
Inconsistency in some cases has shown to be a desired feature of logic programs,
because sometime the loss of information is worse compared to an inconsistent
program not having any model. In the case of ordered disjunction programs the
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elimination of an inconsistent rule by the answer set-based reduction defined for
this class of programs [2], can either prevent the program to have any solution,
or to reach an order between the answer sets. In this paper we propose a pstable
semantics for ordered disjunction programs, which can handle inconsistent or-
dered disjunction programs in the sense of no existence of models, and we extend
it for capturing possibilistic ordered disjunction programs in order to cope with
the degree of uncertainty in the reasoning process.

The advantages of our approach are several. First, pstable semantics, being
based on paraconsistent logic, is less sensible to inconsistency and allows to
treat inconsistent programs [8]. This means that we can provide valid pstable
models of an ordered disjunction program whereas the program does not have
any answer sets due to the presence of inconsistent rules. Secondly, being closer to
possibilistic logic inference, it allows to consider higher degrees of necessity-values
associated to the possibilistic atoms in the reasoning process, and sometimes
can guarantee a higher level of comparison at the moment of selecting preferred
pstable models of a possibilistic ordered disjunction programs. In such cases, we
are able to compute a single preferred possibilistic pstable model, whereas the
ordered disjunction program based on possibilistic answer set semantics cannot.

The rest of the paper is organized as follows. In the next section we provide
some basic definitions. Section 3 describes the pstable semantics for ordered
disjunction programs. In Section 4 we propose a possibilistic extension of the
pstable semantics and we show the benefits of possibilistic pstable semantics for
ordered disjunction. In the last section we outline some conclusions and future
work directions. Throughout the paper, we use some simple examples to explain
our semantics.

2 Background

This section presents the reader with some basic definitions w.r.t extended logic
programs, pstable semantics, possibilistic logic, and logic programs with ordered
disjunction, which are the basis for our approach.

2.1 Extended Logic Programs

We consider extended logic programs which have two kinds of negation: strong
negation ¬ and default negation not. A signature L is a finite set of elements that
we call atoms, where atoms negated by ¬ are called extended atoms. Intuitively,
not a is true whenever there is no reason to believe a, whereas ¬a requires a
proof of the negated atom. In the following we use the concept of atom without
paying attention if it is an extended atom or not. A literal is either an atom a,
called positive literal, or the negation of an atom not a, called negative literal.
Given a set of atoms {a1, ..., an}, we write not {a1, ..., an} to denote the set of
atoms {not a1, ..., not an}. An extended normal rule, r, is a rule of the form
a← b1, . . . , bn, not bn+1, . . . , not bn+m where a and each of the bi are atoms for
1 ≤ i ≤ n+m. In a slight abuse of notation we will denote such a clause by the
formula a← B+, not B− where the set {b1, . . . , bn} will be denoted by B+, and
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the set {bn+1, . . . , bn+m} will be denoted by B−. A constraint is an extended rule
of the form:← B+, not B−. We define an extended logic normal program P as a
finite set of extended normal rules and constraints. If the body of a normal rule
is empty, then the clause is known as a fact and can be denoted just by a. We
write LP , to denote the set of atoms that appear in the rules of P . We denote
by HEAD(P ) the set {a|a ← B+, not B− ∈ P}. We will manage the strong
negation ¬ in our logic programs as it is done in Answer Set Programming.
Basically, each atom ¬a is replaced by a new atom symbol a′ which does not
appear in the language of the program and we add the constraint ← a, a′ to
the program [1]. For managing the constraints in our logic programs, we will
replace each rule of the form ← B+ not B− by the following set of clauses:
v ← B+, not B−. w ← not y, v. y ← not z, v. z ← not w, v., where v, w, y, z are
new atom symbols which do not appear in LP .1

2.2 Pstable Semantics

Pstable semantics is a recently introduced logic programming semantics which
is inspired in paraconsistent logic and is defined in terms of a single reduction.

Definition 1 (Pstable reduction [8])
Let P be a normal program and M a set of atoms. The pstable reduction of P
is defined as RED(P,M) := {a← B+, not (B− ∩M)|a← B+, not B− ∈ P}.
By considering the reduction RED(P,M), the pstable semantics for normal
programs is defined as follows:

Definition 2 (Pstable semantics [8])
Let P be a normal program and M a set of atoms. M is a pstable model of P if
RED(P,M) � M .2

The pstable semantics allow to treat inconsistent logic programs such as a ←
not a. In fact by applying pstable semantics, we can see that M = {a} is a
pstable model of a← not a, while under the answer set semantics we would not
have obtained any answer sets [5].

2.3 Possibilistic Logic

A necessity-valued formula is a pair (ϕ α) where ϕ is a classical logic formula and
α ∈ (0, 1] is a positive number. The pair (ϕ α) expresses that the formula ϕ is
certain at least to the level α, i.e. N(ϕ) ≥ α, whereN is a necessity measure mod-
eling our possibly incomplete state knowledge [4]. α is not a probability (as it is
in probability theory) but it induces a certainty (or confidence) scale. This value
is determined by the expert providing the knowledge base. A necessity-valued
knowledge base is then defined as a finite set (i.e. a conjunction) of necessity-
valued formulae. Dubois et al. [4] introduced a formal system for necessity-valued
logic which is based in the following axioms schemata (propositional case):
1 This approach was suggested in [7].
2 It is written P � M when P �C M (logic consequence in classic logic) and M is a

classical 2-valued model of P .
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(A1) (ϕ→ (ψ → ϕ) 1)
(A2) ((ϕ→ (ψ → ξ))→ ((ϕ→ ψ)→ (ϕ→ ξ)) 1)
(A3) ((¬ϕ→ ¬ψ)→ ((¬ϕ→ ψ)→ ϕ) 1)

For the axioms above, the following inference rules are defined:

(GMP) (ϕ α), (ϕ→ ψ β) � (ψ min{α, β})
(S) (ϕ α) � (ϕ β) if β ≤ α

We denote by �PL the inference under Possibilistic Logic without paying atten-
tion if the necessity-valued formulæ are using either a totally ordered set or a
partially ordered set for expressing the levels of uncertainty.

2.4 Logic Programs with Ordered Disjunction

Logic programs with ordered disjunction (LPODs) are extended logic programs
which allow the use of an ordered disjunction connector × in the head of rules
to express preferences among its literals [2]. The rule r = C1 × . . . × Cn ←
b1, . . . , bm, not bm+1, . . . , not bm+k states that if the body is satisfied then
some Ci must be in the answer set, if possible C1, if not then C2, and so on, and
at least one of them must be true. Each of the Ci can be seen as a preference the
user is interested into according to a desired order. One interesting characteristic
of LPODs is that they provide a mean to represent preferences among answer
sets by considering the satisfaction degree [2].

Definition 3. [2] Let M be an answer set of an ordered disjunction program P .
Then M satisfies the rule r = C1×. . .×Cn ← b1, . . . , bm, not bm+1 . . . , not bm+k

– to degree 1 if bj 	∈ M for some j (1 ≤ j ≤ m), or bi ∈ M for some i
(m+ 1 ≤ i ≤ m+ k),

– to degree j (1 ≤ j ≤ n) if all bl ∈ M (1 ≤ l ≤ m), no bi ∈ M (m+ 1 ≤ i ≤
m+ k), and j = min{r | Cr ∈M, 1 ≤ r ≤ n}.

The satisfaction degree of an answer set M w.r.t a rule, denoted by degM (r),
provides a ranking of the answer sets of a LPOD, and a preference order on the
answer sets can be obtained using some proposed combination strategies. In [2],
the authors have proposed three criteria for comparing answer sets, respectively
cardinality, inclusion and Pareto. In this paper we keep the three criteria and
extend them for comparing possibilistic pstable models.

Example 1. Let P be the following ordered disjunction program.

r1 : b× a← not a. r2 : a← b. r3 : b← a.

The program P does not have any answer sets as answer set semantics do not
allow to treat inconsistent programs (rule r1 is inconsistent). In the next section
we show how, by defining the pstable semantics for ordered disjunction programs,
we can compute pstable models for inconsistent programs.
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3 Pstable Semantics for Ordered Disjunction Programs

We specify a pstable semantics for ordered disjunction programs through two
reductions based on the pstable semantics of Section 2.2 and on the original
reductions defined by Brewka [2].

Definition 4 (Reduction RED(r,M)×)
Let r = C1 × . . . × Cn ← B+, not B− be an ordered disjunction clause and
M be a set of atoms. The × reduct RED(r,M)× of r is defined as follows:
RED(r,M)× := {Ci ← B+, not (B−∩M)|Ci ∈M and M∩{C1, . . . , Ci−1}=∅}.

Definition 5 (Reduction RED(P,M)×)
Let P be an ordered disjunction program and M a set of atoms. The × reduct
RED(P,M)× of P is defined as follows: RED(P,M)× =

⋃
r∈N RED(r,M)×.

Based on the reductions, we can define the pstable semantics extension for or-
dered disjunction programs.

Definition 6 (Pstable semantics for LPODs)
Let P be an ordered disjunction program P and M a set of atoms. M is pstable
model of P if RED(P,M)× � M .

To see the benefits of the pstable semantics for ordered disjunction programs let
us consider the following example.

Example 2. Let us consider the ordered disjunction program P in Example 1
and the set of atoms M = {b, a}. We can see that the RED(P,M)× is:
r1 : b← not a. r2 : a← b. r3 : b← a.
Hence, the set M = {b, a} is a pstable model of P , as RED(P,M)× �c M and
M is a 2-valued model of RED(P,M)×.

Despite applying pstable semantics, pstable models of ordered disjunction pro-
grams are comparable by using the comparison criteria of [2]. Furthermore, the
semantics we define is a generalization of the original semantics of Brewka, as
formulated in the following theorem.

Theorem 1. Let P be an ordered disjunction program and M a set of atoms.
If M is an answer set of P then M is a pstable model of P .

4 Pstable Semantics for LPPODs

In this section we recall the syntax of possibilistic ordered disjunction program
[3] and extend the pstable semantics for ordered disjunction programs defined
in Section 3 with possibilistic logic.

4.1 Syntax of LPPODs

The syntax of a possibilistic ordered disjunction program is based on the syntax
of ordered disjunction rules (Section 2.4) and of possibilistic logic (Section 2.3).
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A possibilistic atom is a pair p = (a, q) ∈ A×Q where A is a set of atoms and
(Q,≤) a finite lattice.3 The projection ∗ for any possibilistic atom p is defined as:
p∗ = a. Given a set of possibilistic atoms M , the generalization of ∗ over M is
defined as: M∗ = {p∗ | p ∈M}. Given (Q,≤), a possibilistic ordered disjunction
rule r is of the form: α : C1 × . . . × Cn ← B+, not B−, where α ∈ Q and
C1× . . .×Cn ← B+, not B− is an ordered disjunction rule as defined in Section
2.4 with B+ = {b1, . . . , bm} and B− = {bm+1, . . . , bm+k}.

The projection ∗ for a possibilistic ordered disjunction rule r, is r∗ = C1 ×
. . .×Cn ← B+, not B−. n(r) = α is a necessity degree representing the certainty
level of the information described by r. A possibilistic constraint c is of the
form: T OPQ :← B+, not B−, where T OPQ is the top of the lattice (Q,≤)
and ← B+, not B− is a constraint. Observe that any possibilistic constraint
must have the top of the lattice (Q,≤). This restriction is motivated by the fact
that, like constraints in standard Answer Set Programming, the purpose of the
possibilistic constraint is to eliminate possibilistic models. Hence, it is assumed
that there is no uncertainty about the information captured by a possibilistic
constraint. As in possibilistic ordered disjunction rules, the projection ∗ for a
possibilistic constraint c is c∗ =← B+, not B−.

A Logic Program with Possibilistic Ordered Disjunction (LPPOD) is a tuple
of the form P := 〈(Q,≤), N〉 such that N is a finite set of possibilistic ordered
disjunction rules and possibilistic constraints. The generalization of ∗ over P is
defined as follows: P ∗ := {r∗ | r ∈ N}. Notice that P ∗ is an ordered disjunction
logic program. Given a possibilistic ordered disjunction program P := 〈(Q,≤),
N〉, we define the α-cut of P denoted by Pα as Pα := {r | r ∈ P, n(r) ≥ α}.

4.2 Pstable Semantics for LPPODs

We propose a possibilistic logic semantics which is close to the proof theory of
possibilistic logic and pstable semantics. As in the pstable semantics definition,
our approach is based on a syntactic reduction. We will consider sets of possi-
bilistic atoms as interpretations. Hence, before defining the possibilistic ordered
disjunction logic programming semantics, we introduce basic operators between
sets of possibilistic atoms and a relation of order between them [6].

Definition 7. Given A a finite set of atoms and (Q,≤) be a lattice, we consider
PS = 2A×Q as the finite set of all the possibilistic atoms sets induced by A and
Q. Let A,B ∈ PS, hence we define the operators �, � and � as follows:

A �B = {(x,GLB{q1, q2})|(x, q1) ∈ A ∧ (x, q2) ∈ B}
A �B = {(x, q)|(x, q) ∈ A and x /∈ B∗} ∪ {(x, q)|x /∈ A∗ and (x, q) ∈ B} ∪

{(x, LUB{q1, q2})|(x, q1) ∈ A and (x, q2) ∈ B}.
A � B ⇐⇒ A∗ ⊆ B∗, and ∀x, q1, q2, (x, q1) ∈ A ∧ (x, q2) ∈ B then q1 ≤ q2.

The following reductions are the pstable possibilistic extensions of the reductions
in Section 3.

3 In the paper we will consider only finite lattices.
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Definition 8 (Reduction PRED(r,M)×)
Let r = α : C1 × . . . × Cn ← B+, not B− be a possibilistic ordered disjunction
clause and M be a set of atoms. The ×-possibilistic reduct PRED(r,M)× of
r is defined as follows: PRED(r,M)× := {α : Ci ← B+, not (B− ∩M)|Ci ∈
M and M ∩ {C1, . . . , Ci−1} = ∅}.

Definition 9 (Reduction PRED(P,M)×)
Let P = 〈(Q,≤), N〉 be a possibilistic ordered disjunction program and M be a set
of atoms. The ×-possibilistic reduct PRED(P,M)× of P is defined as follows:
PRED(P,M)× =

⋃
r∈N PRED(r,M)×.

Example 3. Let P be a possibilistic ordered disjunction program such that Q =
({0, 0.1, . . . , 0.9, 1}, ≤), ≤ be the standard relation between rational numbers
and α ∈ Q associated to each rule:
r1 = 0.3 : a× b. r2 = 0.8 : b× a← not a.
Let M1 = {(a, 0.8)} and M2 = {(b, 0.8)} be sets of possibilistic atoms. Taking
M1 as M we can see that PRED(P,M)× is:
r1 = 0.3 : a. r2 = 0.8 : a← not a.

By considering the reduction PRED(P,M)×, we define the possibilistic pstable
semantics as follows, which allows to test whether M is a possibilistic pstable
model of a possibilistic ordered disjunction program P .

Definition 10 (Possibilistic Pstable Semantics)
Let P = 〈(Q,≤), N〉 be a possibilistic ordered disjunction program and M be a set
of possibilistic atoms such that M∗ is a pstable model of P ∗. M is a possibilistic
pstable model of P if and only if PRED(P,M∗)× �PL M and �M ′ ∈ PS such
that M ′ 	= M , PRED(P,M ′∗)× �PL M

′ and M �M ′.

Example 4. Let us continue with Example 3. We have already reduced the pro-
gram and now we want to check if M is a possibilistic pstable model of P . First
of all it is easy to see that M∗ is a pstable model of P ∗. Hence, we have to
construct a proof in possibilistic logic for the possibilistic atom (a, 0.8).

Let us prove (a, 0.8) from PRED(P,M∗)×.4

Premises from PRED(P,M∗)× From 3 and 1 by S
1. a 0.3 4. a 0.8
2. ∼ a→ a 0.8
From 2 by possibilistic logical equivalence
3. a ∨ a 0.8
Therefore, we can say that PRED(P,M∗)× �PL M is true (and similarly it can
be proved that M2 = {(b, 0.8)} is a pstable model of P ). Notice that it does not
exist a possibilistic set M ′ such that M ′ 	= M , PRED(P,M∗)× �PL M ′ and
M �M ′, hence we can conclude that M is a possibilistic pstable model of P .

4 When we treat a logic program as a theory, each negative literal not a is replaced
by ∼ a, such that ∼ is regarded as the negation in classical logic.
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From Definition 10, we can observe that there is an important condition w.r.t
the definition of a possibilistic pstable model of a possibilistic ordered disjunction
program.

Proposition 1. Let P = 〈(Q,≤), N〉 be a possibilistic ordered disjunction pro-
gram and M be a set of possibilistic atoms. If M is a possibilistic pstable model
of P then M∗ is a pstable model of P ∗.

Please observe that the pstable semantics for possibilistic ordered disjunction pro-
grams is different from the semantics defined in [3] as there are programs where the
possibilistic pstable models do not correspond with the possibilistic answer sets.
Nevertheless we can identify a relationship between the two semantics.

Proposition 2. Let P be a possibilistic ordered disjunction program and M be
a set of possibilistic atoms. If M is a possibilistic answer set of P , then the
following conditions hold: (a) M∗ is a pstable model of P , (b) there exists a
possibilistic pstable model M ′ of P such that M �M ′ and M∗ = M ′∗.

The proposition states that, whenever a possibilistic ordered disjunction program
P has a possibilistic answer set M , there exists a possibilistic pstable model M ′

such that the main differences between M and M ′ are the necessity-values of
their elements.

Example 5. Let P be the possibilistic ordered disjunction program of Example
3. We want to show how, under pstable semantics, its possibilistic stable models
are M1 = {(a, 0.8)} and M2 = {(b, 0.8)} while, under answer set semantics, its
possibilistic answer sets are M1 = {(a, 0.3)} and M2 = {(b, 0.3)}. For doing so
let us consider the reductions PRED(P,M)× (Definition 9) and PM

× (Definition
8 in [3]) and apply them using M1:

PRED(P,M1)×: PM1× :
r1 = 0.3 : a. r1 = 0.3 : a.
r2 = 0.8 : a← not a.

We can see that under answer set semantics we have to cut the inconsistent rule
r2, which triggers a lowering of the necessity degree of the possibilistic answer set,
whereas by pstable semantics r2 is kept and a higher necessity-value is inferred.
This result follows from the fact that pstable semantics is closer to possibilistic logic
inference than answer set semantics and it can lead to a maximum value choice.

4.3 Preferred Possibilistic Pstable Models

To distinguish between preferred possibilistic pstable models, we take the def-
inition and the notation of satisfaction degree of M w.r.t a rule r as degM (r)
(see Section 2.4). In the following we define three comparison criteria (as in [2]),
adapted to possibilistic pstable models.

Definition 11. Let M1 and M2 be possibilistic pstable models of a possibilistic
ordered disjunction logic program P . M1 is possibilistic cardinality-preferred to
M2, (M1 >pc M2) iff ∃ i such that | M i,α

1 (P ) |>| M i,α
2 (P ) | and ∀j < i,

|M j,α
1 (P ) |=|M j,α

2 (P ) |, where α = min{n(M1), n(M2)}.
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Definition 12. Let M1 and M2 be possibilistic pstable models of a possibilistic
ordered disjunction logic program P . M1 is possibilistic inclusion-preferred to
M2, (M1 >pi M2) iff ∃ k such that Mk,α

2 (P ) ⊂Mk,α
1 (P ) and ∀ j < k, M j,α

1 (P ) =
M j,α

2 (P ), where α = min{n(M1), n(M2)}.

Definition 13. Let M1 and M2 be possibilistic pstable models of a possibilistic
ordered disjunction logic program P . M1 is possibilistic pareto-preferred to M2,
(M1 >pp M2) iff ∃ r ∈ P such that degM1(r) < degM2(r), and � r′ ∈ P such
that degM1(r′) > degM2(r′), and n(r) ≥ min{n(M1), n(M2)}.

Notice that, applying the pstable semantics, we are able to keep higher degree of
necessity-values formulæ. Let us consider the following examples which compare
pstable semantics and answer semantics whenever computing preferred pstable
models and answer sets respectively. The first example shows how pstable seman-
tics allow to compare more than answer set semantics, while the second example
shows how sometimes pstable models are differently preferred than answer sets
due to higher cuts produced in the comparison criteria.

Example 6. Let P be the following possibilistic ordered disjunction program:
r1 = 0.5 : a× b← not c. r2 = 0.5 : b× a← not d. r3 = 0.8 : b× a← not a.
We can first see that Mpas

1 = {(a, 0.5)} and Mpas
2 = {(b, 0.5)} are possibilis-

tic answer sets of P and Mpstable
1 = {(a, 0.8)} and Mpstable

2 = {(b, 0.8)} are
possibilistic pstable models of P . We can notice that under answer set seman-
tics no cut is produced in the comparison criteria and Mpas

1 and Mpas
2 are not

comparable, while considering pstable semantics, the possibilistic necessity-value
0.8 derived from the pstable models triggers a cut of r1 and r2. Hence, we can
conclude that Mpstable

2 is preferred to Mpstable
1 according to all the criteria.

Example 7. Let P be the possibilistic ordered disjunction program of Example
6 with a different necessity-value in rule r1:
r1 = 0.3 : a× b← not c. r2 = 0.5 : b× a← not d. r3 = 0.8 : b× a← not a.
As in Example 6 it can be proved that Mpas

1 = {(a, 0.5)} and Mpas
2 = {(b, 0.5)}

are possibilistic answer sets of P and Mpstable
1 = {(a, 0.8)} and Mpstable

2 =
{(b, 0.8)} are possibilistic pstable models of P . However in this case the necessity-
values allow to prefer Mpas

1 to Mpas
2 under answer set semantics, while consider-

ing pstable semantics the preference relation is inverted and Mpstable
2 is preferred

to Mpstable
1 . This can be justified by the fact that the pstable semantics allow to

reach a higher degree of the necessity-values in the possibilistic pstable models
and a higher cut is produced.

5 Conclusions

In this paper we have applied pstable semantics to ordered disjunction programs
and extended it for capturing possibilistic ordered disjunction programs. The
main advantages shown by our approach are essentially that: (a) using pstable
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semantics (which is based on paraconsistent logic) it is possible to treat incon-
sistent ordered disjunction rules, thus inconsistent ordered disjunction programs
can have a solution, while under answer set semantics they may not have; (b) as
pstable semantics is closer to possibilistic logic inference, we are able to reach a
higher degree of the necessity-value of possibilistic pstable models as it allows to
take the maximum; and finally it allows to compare more models of a program
because a higher cut is produced and we have been able to compare possibilistic
pstable models whereas possibilistic answer sets are not comparable. Moreover,
the semantics used in our approach is a generalization of the ordered disjunction
program semantics in [2], as any answer sets of an ordered disjunction program,
are pstable models as well (Theorem 1).

The two extensions we defined are computable, and as future work we aim
to implement them. In parallel, we are exploring the use of ordered disjunction
programs with our semantics in a realistic application to represent and reason
about user preferences in the presence of uncertainty to enhance the Web service
selection process [3].
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