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Abstract

TOUGH2 is a widely usedsimulationpackagefor solving groundwaterflow relatedproblemssuchasnuclear
wasteisolation,environmentalremediation,andgeothermalreservoir engineering.It solvesasetof coupledmassand
energy balanceequationsusinga finite volumemethod.Theparallelimplementationfirst partitionstheunstructured
computationaldomain.For eachtime step,a setof couplednon-linearequationsis solvedwith Newton iteration.In
eachNewton step,a Jacobianmatrix is calculatedandan ill-conditionednon-symmetriclinear systemis solved in
parallelusinga preconditionediterative solver. Communicationis requiredfor convergencetestsanddataexchange
acrosspartitioningborders.A real problemwith 17,584blocksand43,815connectionsindicatesgoodscalability
properties.From2 to 128processorsonCrayT3E, thesolutiontime is reducedfrom 7984to 126seconds.Improved
parallelperformanceis expectedfor largerproblemswith

�����������
	
blocksin a YuccaMountainnuclearwastesite

study.
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1 Introduction

Groundwaterflow relatedproblemstouchmany importantareasin today’s society, suchasnuclearwasteisolation,
environmentalremediation,geothermalreservoir engineering.Becauseof thecomplexity of geometry, composition,
multiphase,andespeciallylong time scalesinvolved,numericalsimulationplay vital rolesin the solutionsof these
problems.

This contribution describestheongoingdevelopmentof a parallelversionof thewidely usedTOUGH2software
package[4, 5] for numericalsimulationof flow andtransportin porousandfracturedmedia.Thecontributionincludes
ourexperiencesfrom thesoftwaredevelopment,descriptionsof algorithmsandmethodsdeveloped,andapresentation
of thecurrentstatusof thesoftware,includingparallelperformanceresultson CrayT3E-900.

Theserialversionof TOUGH2(TransportOf UnsaturatedGroundwaterandHeatversion2) is now beingusedby
over 150organizationsin morethan20 countries(see[6] for someexamples).The majorapplicationareasinclude
geothermalreservoir simulation,environmentalremediation,andnuclearwasteisolation.TOUGH2is oneof theoffi-
cial codesusedin theUS Departmentof Energy’scivilian nuclearwastemanagementfor theevaluationof theYucca
Mountainsiteasarepositoryfor nuclearwastes.In thiscontext arisesthelargestandmostdemandingapplicationsfor
TOUGH2sofar. LBNL is currentlyin chargeof developinga 3D flow modelof theYuccaMountainsite, involving
computationalgridsof �
��
 to �
��� blocks,andseveralhundredthousandcoupledequationsof waterandgasflow, heat
transferandradionuclidemigrationin subsurface[1]. Considerablylargerandmoredifficult applicationsareantici-
patedin thenearfuture,with theanalysisof solutetransport,with ever increasingdemandsonspatialresolutionanda
comprehensivedescriptionof complex geological,physicalandchemicalprocesses.
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2 The TOUGH2 Simulation

The TOUGH2 simulationpackagesolves massand energy balanceequationsthat describefluid and heatflow in
generalmulticomponentsystems.Thefundamentalbalanceequationshave thefollowing form:���� ����������� ��� � ��!#" �����%$'& ��(*) ���,+-����� ���/.
wheretheintegrationis overanarbitraryvolume

�
, which is boundedby thesurface

(
. Here

� �0���
denotesmassfor

the 1 -th component,(water, gas,heat,etc),
" �����

is theflow throughthesurface,and
+ �����

is sourceorsinkinside
�

. This
is a generalform. All flow andmassparameterscanbearbitrarynon-linearfunctionsof theprimarythermodynamic
variables,suchasdensity, pressure,saturation,etc.

Givena computationalgeometry, spaceis discretizedinto many volumeblocks. The integral on eachblock be-
comesa variable; this leadsnaturally to the finite volume method,resultingin the following ordinary differential
equations: � � �����2��� � �� 2,35476 2 498 �����2 4 ) +-�����2 .
where

� 2 is thevolumeof theblock : , and 6 2 4 is theinterfaceareaborderingbetweenblocks : .<; and 8 2 4 is the
flow betweenthem.Notethatflow termsusuallycontainspatialderivatives,which arereplacedby simpledifference
betweenvariablesdefinedon blocks : .<; anddividedby thedistancesbetweentheblockcenters.SeeFigure1 for an
illustration.
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Figure1: Spacediscretizationandgeometrydata.

Time is discretizedasa first orderdifferenceequation. Flow andsource/sinktermson the right handsideare
evaluatedat

�=)?>@�
for numericalstability for the multi-phaseproblems.This leadto couplednonlinearalgebraic

equations.
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3 Computational Procedure

Themainsolutionprocedurescanbeschematicallyoutlinedasthefollowing loops:

Initialization and setup
Time step advance

Newton iteration
Calculate the Jacobian matrix
Linear equation solver

end do
end do
output

After readingdataandsettingup theproblem,thetime consumingpartsarethethreemain loops(time step,Newton
iteration,andthe iterative linear solver). At eachtime step,the nonlineardiscretizedcoupledalgebraicequationis
solvedwith the Newton method.Within eachNewton iteration,the Jacobianmatrix is first calculatedby numerical
differentiation. The implicit linear equationis thensolved usinga sparselinear solver with preconditioning.After
several Newton iterations,the convergenceis checked by a control parameter, which measuresthe residualin the
Newton iterations.If theNewton stepconverges,the time will advanceonemoretime step,andtheprocessrepeats
until thepre-definedtotal time is reached.

If theNewton proceduredoesnot convergeaftera presetmax-Newton-iteration,thecurrenttime stepis reduced
(usuallyby half) andthe Newton procedureis tried for the reducedtime step. If converged,the time will advance;
otherwise,time stepis furtherreducedandanotherroundof Newton iterationfollows. Theseprocedurearerepeated
until convergencein theNewtonstepis reached.

Thesystemof linearequationis usuallyvery ill-conditioned,andrequiresvery robustsolvers. Thedynamically
adjustedtime stepsize is the key to overcomethe combinationof possibleconvergenceproblemsfor the Newton
iterationand the linear solver. For this highly dynamicsystem,the trajectoryis very sensitive to variationsin the
convergenceparameters.

Computationally, themajorpart(about65%)of theexecutiontime is spenton solvingthelinearsystems,andthe
secondmajorpart(about30%)is theassemblyof theJacobianmatrix.

4 Designing the Parallel Implementation

Theaim of this work is to developa parallelprototypeof TOUGH2,andto demonstrateits ability to efficiently solve
problemssignificantlylargerthanproblemsthathave previously beensolvedusingtheserialversionof thesoftware.
The problemsshouldbe larger both in the numberof blocks and the numberof equationsper block. The target
computersystemfor this prototypeversionof theparallelTOUGH2is the696processorCrayT3E-900at NERSC,
LawrenceBerkeley NationalLaboratory.

In thefollowing sections,we giveanoverview of thedesignof theparallelalgorithmandits implementation.

4.1 Grid Partitioning and Grid Block Reordering

Givena finite domainasdescribedin Section2, we will in the following considerthe dualmesh(or grid), obtained
by representingeachblock (or volumeelement)by its centroidandby representingthe interfacesbetweenblocksby
connections. (Thenomenclatureblocksandconnectionsis usedin consistency with theoriginal TOUGH2documen-
tation [5].) Thephysicalpropertiesfor blocksandtheir interfacesarerepresentedby dataassociatedwith theblocks
andconnections,respectively.

In TOUGH2 the computationaldomainis definedby the setof all connectionsgiven as input data. From this
information,an adjacency matrix is constructed,i.e., a matrix with a non-zeroentry for eachelement ACB .5D-E where
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thereis a connectionbetweenblocks B and
D
. In thecurrentimplementationthevalue1 is alwaysusedfor non-zero

elements,but differentweightsmaybeused.Theadjacency matrix is storedin a compressedrow format,calledCSR
format,which is aslight modificationof theHarwell-Boeingformat.

Theactualpartitioningof thegrid into F almostequal-sizepartsis performedusingamultilevel F -waypartitioning
algorithm,implementedin theMETIS softwarepackage[3]. Thepartitioningalgorithmis designedto minimize the
numberof edgescut.

After partitioningthegrid on theprocessors,theblocks(or morespecifically, thevectorelementsandmatrix rows
associatedwith the blocks)arereorderedby eachprocessorto a local ordering. The blocks for which a processor
computesthe resultsaredenotedthe updatesetof thatprocessor. The updatesetcanbe further partitionedinto the
internalsetandtheborderset.Thebordersetconsistsof blockswith anedgeto ablockassignedto anotherprocessor
andtheinternalsetconsistsof all otherblocksin theupdateset.Blocksnot includedin theupdatesetbut needed(read
only) duringthecomputationsdefinestheexternalset.

Figure2 illustrateshow the blockscanbe distributedover the processors.(The verticesof the graphrepresent
blocks and the edgesrepresentconnections.) Table 1 shows how the blocks are classifiedin the updateand the
externalsetsandhow theupdatesetsarefurtherdividedin internalandbordersets.
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Figure2: A grid partitioningon 3 processors.

In orderto facilitatethecommunicationof elementscorrespondingto border/externalblocks,thelocalrenumbering
of thenodesis madein a particularway. All blocksin theupdatesetprecedetheblocksin theexternalset,andin the
updateset,all internalblocksprecedetheborderblocks.Finally, theexternalblocksareorderedinternallywith blocks
assignedto a specificprocessorplacedconsecutively. Onepossibleorderingis givenasanexamplein Table1.

The consecutive orderingof externalblocks that resideon eachprocessormakesit possibleto receive datafor
theseblocksinto appropriatevectorswithout useof buffersandwith no needfor furtherreordering,providedthatthe
sendingprocessorhasaccessto the orderinginformation. However, it is not possiblein generalto orderthe border
blockssothattransformationscanbeavoidedwhensending,basicallybecausesomeblocksin thebordersetmayhave
to besentto morethanoneprocessor.

4.2 Computing the Jacobian Matrix

In theparallelalgorithm,eachprocessoris responsiblefor computingtherowsof theJacobianmatrix thatcorrespond
to blocksin theprocessor’supdateset.All derivativesarecomputednumerically.

TheJacobianmatrix is storedin the DistributedVariableBlock Row format (DVBR) [2]. All matrix blocksare
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Table1: Exampleof block distribution on theUpdate,Internal,Border, andExternalsets,usingglobal indexing and
anappropriatechoiceof local reordering.

Updateset Externalset
Internal Border

Processor0 1, 2 3, 4 7, 8, 12
Localordering 1, 2 3, 4 5, 6, 7

Processor1 5, 6 7, 8, 9 3, 4, 13,14
Localordering 1, 2 3, 4, 5 6, 7, 8, 9

Processor2 10,11 12,13,14 4, 8, 9
Localordering 1, 2 3, 4, 5 6, 7, 8

storedrow wise, with the diagonalblocksstoredfirst in eachblock row. The scalarelementsof eachmatrix block
arestoredin columnmajororder. The useof densematrix blocksenableuseof denselinearalgebrasoftware,e.g.,
optimizedlevel 2 (andlevel 3) BLAS for subproblems.TheDVBR formatalsoallowsavariablenumberof equations
perblock.

Computationof the elementsin the Jacobianmatrix is basicallyperformedin two phases.The first phasecon-
sistsof computationsrelatingto individual blocks. At thebeginningof this phase,eachprocessoralreadyholdsthe
informationnecessaryto performthesecalculations.Thesecondphaseincludeall computationsrelatingto interface
quantities,i.e., calculationsusingvariablescorrespondingto pairsof blocks. Beforeperformingthesecomputations,
exchangeof relevantvariablesis required.For anumberof variables,eachprocessorsendselementscorrespondingto
borderblocksto appropriateprocessors,andit receiveselementscorrespondingto externalblocks.

4.3 Solving the Linear Systems

The non-symmetriclinear systemsto be solved are generallyvery ill-conditionedanddifficult to solve. Therefor
the parallel implementationof TOUGH2 is madeso that different iterative solvers and preconditionerseasily can
betested.Sofar, mostcomputationalexperimentshave beenmadeusingthestabilizedbi-conjugategradientmethod
(BICGSTAB), thesquaredconjugategradientmethod(CGS),andGMRESin theAztecsoftwarepackage[2], together
with a numberof differentpreconditioningtechniques.

As anillustrationof thedifficultiesarisingin theselinearsystems,wewould like to mentionaverysmallproblem
from theYuccaMountainsimulationsmentionedin theIntroduction.Thisnon-symmetricproblemincludes45blocks,
3 equationsperblock,and64 connections.Whensolvingthelinearsystem,theJacobianmatrix is of size �'G�HJIK�
G-H
with 1557non-zeroelements.For thefirst Jacobiangenerated,i.e., thematrix involvedin thefirst linearsystemto be
solved,the largestandsmallestsingularvaluesare L�M N-OPIQ�
��RTS and LUMVL�WJIQ�'�UXZY[S , respectively, giving thecondition
number��M��\I]�'�_^T^

By applyingblock Jacobiscaling,whereeachblock row is multiplied by the inverseof its G,I`G diagonalblock,
the conditionnumberis significantlyreduced.The scalingreducesthe largestsingularvalueto W�M a�bcId�'��R andthe
smallestis increasedto b�M O�G�Ie�
��Xf
 , altogetherreducingthe conditionnumberto W�M O�Id�
��g . This is, however, still
an ill-conditionedproblem.Therefor, a non-overlappingAdditive Schwarzprocedurewith incompleteLU factoriza-
tion is appliedafter the block Jacobiscaling. TheAdditive Schwarz procedurehasshown to be absolutelyvital for
convergenceon problemsthataresignificantlylarger.

5 Performance Analysis

Theparallelalgorithmshave beenimplementedin FortranusingMPI communicationprimitives.Thecodehasbeen
verifiedcorrectagainsttheserialcode.
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Performancetestsfor a realapplicationproblemhave beenperformed.Theproblemconsistsof 17,584blocks,3
componentsperblock giving 3 equationsperblock, and43,815connectionsbetweenblocks.TheJacobianmatrix in
thelinearsystemsto besolvedfor eachNewtonstepis of size H�L . W�H�LhIiH�L . W_H�L with 946,926non-zeroelements.This
applicationnormally requiresa simulationof �
��^ to �
��
 simulatedyears,requiringa significantexecutiontime also
with goodparallelperformanceanda large numberof processors.In orderto investigatethe parallelperformance,
we have thereforelimited the simulationtime to 10 years,which still is a significantsimulation. A muchshorter
simulationwill of coursegive theinitialization phaseunproportionallylargeimpacton theperformancefigures.This
phaseis thereforeexcludedfrom thetimings.

In this setof performanceteststhe linear systemshave beensolved usingthe BICGSTAB iterative solver with
block Jacobiscalingfollowedby a non-overlappingAdditive Schwarz procedurewith incompleteLU factorization.
Thestoppingcriteriausedfor the linearsolver is j5k
j5ljnmTj5l`o �
�UXf^ , where p and q denotetheresidualandtheright hand
side,respectively.

Performanceresultshave beenobtainedon the696processorCrayT3E-900at NERSC,LawrenceBerkeley Na-
tional Laboratory. Executiontimes in secondsandparallel speeduparepresentedfor 2, 4, 8, 16, 32, 64, and128
processorsin Figure3 andFigure4, respectively.
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Figure3: Executiontime for 2, 4, 8, 16,32,64,and128processorson theCrayT3E-900.

Sincethe problemcannotbe solved on oneprocessorwith the parallelcodethe speedupis normalizedto be 2
on two processors,i.e., thespeedupon F processorsis calculatedas Lsr S
t rvu , where r S and rwu denotethewall clock
executiontimeon 2 andF processors,respectively.

Theresultsclearlydemonstrategoodparallelperformance.We actuallyobservesuper-linearspeedupfor someof
the tests.We alsoobserve a significantlylower speedupthanexpectedon 4 processors.Both thesephenomenacan
beexplainedby differencesin thetotal amountof work performed,andin orderto conductthis study, we give some
furtherdetailsin Table2.

The tableshows the averagenumberof Newton iterationsper time step,andthe averagenumberof iterationsin
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Figure4: Parallelspeedupfor 2 to 128processors.

Table2: Summaryof iterationscountsandexecutiontimesfor varyingnumberof processors.
2 4 8 16 32 64 128

#Timesteps 104 129 104 104 104 104 94

#Newton iterations/Timestep 6.54 7.98 6.43 6.35 6.37 6.30 6.60
Total#Newton iterations 680 1030 669 660 662 655 620

#Lin. solv. it./Newton step 14.36 23.09 16.34 16.42 17.37 18.23 19.18
#Lin. solv. it./Time step 93.9 184.4 105.1 104.2 114.6 114.8 126.5
Total#Lin. solv. iterations 9762 23781 10934 10838 11914 11943 11894

Timespentin Lin. solv. (secs) 5521 4224 1040 472 256 137 85
Timespenton other(secs) 2463 1873 629 317 162 83 41
Totalexecutiontime (secs) 7984 6097 1669 789 418 220 126
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thelinearsolver per time stepandperNewton step,aswell asthetotal numberof time steps,Newton iterations,and
iterationsin the linear solver. We recall that the linear systemsolve is the most time consumingoperationandthe
computationof theJacobianmatrix is thesecondlargesttime consumer. Both of theseoperationsaredoneoncefor
eachNewtonstep.

Wenotethatsomevariationsin thetimediscretizationoccurwhenthetheproblemis solvedondifferentnumberof
processors.Similarbehavior havebeenobserved,for example,whenusingdifferentlinearsolversin theserialversion
of TOUGH2.Thevariationsin timediscretizationleadsto variationsbothin thenumberof timestepsneededandthe
numberof Newton iterationsrequired.Notably, the4 processorsexecutionrequiresLsN�x moretime steps,HU�sx more
Newtonsteps,and �yN�N�x moreiterationsin thelinearsolvercomparedto theexecutionon2 processors.This increase
of work fully explainsthelow speedupon 4 processors.

However, the figuresin Table2 do not explain the super-linearspeedupobserved. For example,the speedupon
8 processorsis �
bvM a�x larger thanmaximumexpected(i.e., 9.57 vs. 8.00), but comparedto two processors,the 8
processorexecutionrequiresonly ��M a-x lessNewtoniterations,andthetotalnumberof iterationsin thelinearsolver is
actuallylarger. Whendoublingthenumberof processorsfrom 8 to 16,we seeanotherfactorof 2.20in speedup,even
thoughthereductionin numberof Newton iterationsanditerationsin the linearsolver is moderate(1.3%and0.9%,
respectively).

A breakupof thespeedupin onepartfor thelinearsolverandonepartfor all othercomputations(mainlyassembly
of theJacobianmatrix) is presentedin Figure5. Thefigureshows that thesuper-linearbehavior is a resultof super-
linearperformanceof thelinearsolver.
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Figure5: Breakupof speedupin onepart for the linearsolver (marked“ z ”) andonepart for all othercomputations
(marked“ { ”). Theidealspeedupis definedby thestraightline.

Notethattheresultspresentedarefor thetotal time spenton theseparts,i.e.,a differentnumberof linearsystems
to be solved or a differencein the numberof iterationsrequiredto solve a linear systemaffect thesenumbers.The
speedupof the “other parts” is closeto F for all tests,andthis is alsoan indicationthat this partof thecomputation
mayshow goodperformancealsofor largernumberof processors.Thespeedupof thelinearsolver is largerthanwhat
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would normallybeexpectedfrom 2 to 8 andfrom 8 to 16 processors.Thespeedupfrom 16 to 32, from 32 to 64,and
from 64 to 128processorsis lessthantwo.

The latterbehavior is expectedfor severalreasons.Oneis theobvious increasedcommunicationto computation
ratio as the numberof processorincreasesand eachprocessor’s subproblembecomessmaller. Another reasonis
the increasednumberof iterationsdue to lessefficient preconditioningas the individual domainsin the Additive
Schwarzprocedurebecomessmaller. Thebesteffect is expectedwhenthewholematrix is usedin theincompleteLU
factorization,but in orderto achieve goodparallelperformance,the sizefor the preconditioningoperationon each
processoris restrictedto its localdomain(but again,at thecostof decreasedeffectof thepreconditioner).In average,
thematrix usedin thepreconditioningby eachprocessoris : t F , where : is thesizeof thewhole(global)matrix andF is thenumberof processors.

Anothereffect of the decreaseddomainsin the Additive Schwarz procedureis that the total amountof work to
perform the incompleteLU factorizationsbecomessignificantly smalleras the numberof processorsis increased.
Figure6 givesa furtherbreakupof thespeedup,now with thespeedupfor thelinearsolverseparatedinto onepartfor
thepreconditionerandonefor theotherpartsof thelinearsolver.
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Figure6: Breakupof speedupin onepartfor thelinearsolverexcludingAdditiveSchwarzpreconditioningprocedure
(marked“ z ”), onepart for theAdditive Schwarzpreconditioningprocedure(marked“*”) andonepart for all other
computations(marked“ { ”). Theidealspeedupis definedby thestraightline.

The super-linear speedupfor the preconditionerfollows from the decreaseddomainsfor incompleteLU factor-
ization in the Additive Schwarz procedure. As the numberof processorsincreases,the amountof time spenton
preconditioningbecomesmall comparedto the time spenton iterations,whereasthe relationsis the oppositefor L
processors.Table3 shows how muchtime is spenton preconditioningin percentageof the total time spentin the
linearsolver.

On theotherhand,theeffect of thepreconditioneris betteron largedomains,illustratedby theincreasednumber
of iterationsin thelinearsolver for increasingnumberof processorsin Table2, andherepartially explainingthe low
speedupfor thelinearsolverexcludingtime for preconditioningin Figure6.
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Table3: Timespenton preconditioningin percentageof total timespentin linearsolver.
#Processors 2 4 8 16 32 64 128
Percentage 83.3% 76.2% 73.9% 68.0% 61.0% 50.6% 36.4%

In all, theseresultsillustratethetrade-off betweenthe time spenton preconditioningandtheeffect of its results.
With theobjective to minimizethewall clock executiontime,we notethatsmallerdomainscouldbeusedon 2 and8
processors.For completenesswealsoreportthattheexecutiontime for theoriginal serialcodeis 8245seconds.

6 Conclusions

Theperformanceresultsin Section5 clearlydemonstratethe implementation’sability to efficiently utilize up to 128
processorson theCrayT3E. Theproblemswe aretargetingin the nearfuturearelargerboth in termsof numberof
blocksandnumberof equationsperblock. Moreovershouldthesimulationtimebesignificantlylonger. With increased
problemsizeweexpectto beableto efficiently useanevenlargernumberof processors,andlongersimulationsshould
not directly affect theparallelperformance.However, we still have to investigatenumericalissues,e.g.,convergence
properties,bothfor thelinearsolversandtheNewton iteration.
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