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Abstract

The understanding of which Kronecker structures that are close to a given structure
is revealed by the Kronecker structure hierarchy, i.e., the stratification of the Kronecker
canonical form. For a given matrix pencil A — AB, the Kronecker structure hierarchy
shows all structures that are within the closure of orbit(A — AB), and each structure,
whose orbit’s closure contains A — AB. In order to gain new insight in the problem of
stratification, we give new interpretations of important results by Pokrzywa, for deter-
mining closure relations among orbits of Kronecker structures. This is partly done by
generalizing classical theorems by Gantmacher. The results are used to derive an algo-
rithm for computation of the complete Kronecker structure hierarchy, or the Kronecker
structure hierarchy above or below a given structure. The algorithm is presented in
terms of the rank-decisions required in a staircase algorithm, in order to compute the
Kronecker structure hierarchy.

Keywords: Kronecker canonical form, Kronecker structure hierarchy, stratification, stair-
case algorithm, perturbation theory.

*Department of Computing Science, Umea University, S-901 87 Umea, Sweden. Email address:
elmroth@cs.umu.se In part supported by the Swedish National Board of Industrial and Technical De-
velopment under grant 89-02578P.



1 Introduction

Any algorithm for computation of the Kronecker Canonical form of an m-by-n matrix pencil
A — \B, computes the exact Kronecker structure of a nearby pencil A’ — AB’. The distance
§=||(A— A", B— B')|| is an upper bound on the distance to the closest (A+ A, B+ 6B)
with the KCF of (A’, B'). These algorithms are supposed to compute the most non-generic
KCF within distance ¢ from A — AB, and they are said to fail if there is another more
non-generic pencil A — \B within distance § from the original pencil.

The computation of a KCF can be seen as moving pencils from point to point or manifold
to manifold in the 2mn-dimensional matrix pencil space. During the computation and in
the interpretation of the result, it is of great interest to know which structures that are close
to a given KCF.

Given A — \B, we know mathematically that an arbitrary small perturbation outwards
from orbit(A — AB) (the manifold of pencils strictly equivalent to A — AB) results in a more
generic pencil above A — AB in the closure hierarchy. That is, a structure that is more
generic than A —AB and whose orbit’s closure includes A —AB. By travelling downwards in
the closure hierarchy, we find less generic structures, that are in the closure orbit(A — AB).

In order to make the best decisions during the computation of the KCF it is important
to understand how the manifolds of different structures relate to each other. Recent con-
tributions to this understanding can be found in [2, 6, 7]. In this contribution we show for
the general case how to generate the complete Kronecker structure hierarchy and how to
generate the Kronecker structure hierarchy above or below a given KCF.

In Section 2, we briefly review the Kronecker canonical form and the concepts of orbits
and their codimension. Section 3 contains a summary of important results by Pokrzywa [11]
on the stratification of orbits, i.e., the characterization of closure relations of matrix pencils
and necessary conditions on consecutive pencils. In Section 4, we give new interpretations of
these results, partly by extending some classical theorems by Gantmacher [8]. The necessary
conditions on consecutive pencils are in Section 5 interpreted in terms of rank-decisions of
a staircase algorithm for computation of Kronecker structures. In Section 6, our results are
put together in an algorithm for computing the complete Kronecker structure hierarchy, or
the hierarchy above or below a given structure.

The results in this contribution should be seen as preliminary results for the second part
of [6].

2 The Kronecker Canonical Form

Any m-by-n pencil A — AB can by equivalence transformations be transformed into the
Kronecker canonical form
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where J; (i) corresponds to a j-by-j Jordan block for the zero or non-zero finite eigenvalue
p and N; corresponds to a j-by-j Jordan block for the infinite eigenvalue:
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The L; and L? blocks are singular blocks of right (column) and left (row) indices of
grade j. These blocks are of size j-by-(j + 1) and (j + 1)-by-j, respectively, and have the
form
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The singular blocks have no eigenvalues and there exists a right singular (column) vector
that for each A zeroes out the L; block identically:
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Similarly, there exists a left singular (row) vector that zeroes out the LJT block identically:
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If A—AB is regular, the L; and L;‘-F blocks are not present in the Kronecker canonical from.
However, most applications do not require A — AB to be transformed into Kronecker
canonical form. Most often it is enough to transfer A — AB to a generalized Schur form or
similar [1, 3, 4, 9, 10, 12, 14], which reveals the complete Kronecker structure.
If A — AB is m-by-n, where m # n, then for almost all A and B it will have the same
KCF, depending only on m and n (the generic case). The generic Kronecker structure for
A—-ABwithd=n—-m>0is

diag(Laa---7La7La—|—17---7La—|—1)7 (21)

where o = |m/d], the total number of blocks is d, and the number of L, 1 blocks is m mod d
(which is 0 when d divides m) [12, 2]. The same statement holds for d = m —n > 0
if we replace Lq, Loy1 in (2.1) by LT LT +1- Square pencils are generically regular, i.e.,



det(A — AB) = 0 if and only if A is an eigenvalue. The generic singular pencils of size
n-by-n have the Kronecker structures [13]:

diag(Lj, L} _;_,), j=0,...,n—1.
We define an orbit to be the set of strictly equivalent pencils in 2mn-dimensional space:
orbit(A — AB) = {P™'(A — AB)Q : det(P)det(Q) # 0}.

That is, an orbit defines a manifold of pencils with identical Kronecker structures. The
dimension of orbit(A — AB) is equal to the dimension of the tangent space, tan(A — AB),
to the orbit of A — AB. The tangent space is defined as

F(X,Y)=X(A—AB) — (A— AB)Y, (2.2)

where X is an m X m matrix and Y is an n X n matrix [2]. Since (2.2) maps a space of
dimension m? + n? linearly into a space of dimension 2mn, the dimension of the tangent
space is m2+n2—d, where d is the number of (linearly) independent solutions of f(X,Y) = 0.

The codimension is the dimension of the space complementary to the tangent space, i.e.,

cod(A — AB) = 2mn — dim(tan(4 — AB)) = d — (m —n)%

As shown in [6], the codimension of A— AB can be computed as the number of zero singular
values of

T= BT'wI,, -I,®B |

We may also define the normal space, nor(A — AB), as the space perpendicular to tan(A —
AB). Then cod(A — AB) is the dimension of nor(4 — AB).

Since the codimension of an orbit depends only on its Kronecker structure, cod(4A—AB)
can also be computed by summing the contributions to the codimension from different
blocks in the KCF [2].

3 Stratification of Orbits

Given two m X n matrix pencils P; = A;—AB; and Py = Ay — ABs we are interested to know
when the closure of orbit(P;) includes the closure of orbit(P;), i.e., orbit(P;) D orbit(Ps).
As in the matrix case we define P; and P, to be consecutive if orbit(Py) D orbit(Ps) and
there is no pencil P such that orbit(P;) D orbit(P) D orbit(Ps).

Since the KCF may include both Jordan blocks associated with finite as well as infinite
eigenvalues and Kronecker blocks corresponding to left and right minimal indices, the task
to get a complete characterization of all possible m x n Kronecker forms is much more
intricate than for the matrix case, where we only have to consider Jordan blocks.




3.1 Characterization of the closure of orbit(A — AB)

An important contribution to the understanding of the stratification for the Kronecker
canonical form was presented by Pokrzywa [11] in 1986. We start by reviewing some of his
results (using our notation).

The following theorem gives a characterization of orbit(P;) D orbit(P;) in terms of their
Kronecker structures. For a given pencil P = A — AB let r¢(P) and [x(P) be the number
of Ly, (right singular) and LI (left singular) blocks, respectively, and let r(P) be the total
number of right singular blocks in the KCF of P. Moreover, let ji(P, 1) be the number of
k x k Jordan blocks associated with the eigenvalue p of P.

Theorem 3.1 [11] A pencil Py is in the closure of orbit(Py) if and only if the following
inequalities hold:

D (i —k)gre(P1) < (i = k)g - 1u(P2), (3.1)

k k
S k) W(Pr) < 300 = Ry l(Po), (32)
k k
(P + Y min (6, k)-je(Pr ) < i-r(Po)+ Y min (i, K)-Ge(Po ). (3
k k

foralli =1,2,... and pu € C, where C is the complex plane including the point at infinity
and ()4 = max (0, x).

Theorem 3.1 gives us necessary and sufficient conditions to decide whether one pencil is
in the closure of another. However, to get a complete understanding of the closure hierarchy
we also need to be able to decide whether two pencils are consecutive or not, or given a
pencil P; we want to know how to construct all possible consecutive pencils (above and
below in the closure hierarchy).

An instrument for this purpose is the following characterization of two consecutive
pencils [11]. If orbit(P;) D orbit(Pz) and P; and P, are consecutive pencils, then P; =
PP o P® and Py = P @ P where P and PV are equivalent, and P and P{* are
equivalent to one of the ordered pairs of pencils (OI‘blt(P( )) D orbit(P. (2)))
lemma.

of the following

Lemma 3.1 [11] The following closure relations hold:
(i) orbit(L; & Lg) D orbit(L;_1 & Lg41), 1 < j <k.
(i) orbit(L} @ L{) D orbit(L] , @ Li,,), 1< j < k.
(iii) orbit(L;i1 ® Je()) D orbit(L; & Jri1(1)), 4,k =0,1,2,... and p € C.
(iv) orbit(LT i1 © Jk(p) D M(LJT & Jkr1(p), j,k=0,1,2,... and p € C.
(v) OEBIE(J;-1(1)) & Jusa () D OFBR(Jj (1)) & Je()), 1 < j < kand € T
(@

(vi) orblt
’L:l k1 .

=1 Tk (X)) D orbit(L, & LT),if A # Xjfor i #j, € Candp+q+1=



Given a pencil P; and its KCF we can use Lemma 3.1 to find a pencil P, in orbit(P;)
(i.e., Py is below in the hierarchy) such that P; and P, fulfill necessary conditions for two
consecutive pencils. Similarly, using Lemma 3.1 we can find another pencil P, such that Py
is in orbit(Py) (i.e., Py is above in the hierarchy). In both cases P; and P, fulfill necessary
but not sufficient conditions for two consecutive pencils. Notice that it is allowed to have
Jo(p) blocks in the left hand side of items (iii), (iv), and (v) [11]. For example, in item (iii)
this means that orbit(L;41) D orbit(L; & Ji(u)).

Recently, Elmroth and Kagstrom derived the closure hierarchy (or stratification) of the
set of 2 x 3 pencils [7]. By considering zero, non-zero and infinite eigenvalues separately
(which is motivated from an algorithmic point of view) there are 20 structurally different
Kronecker structures. From a topological point of view it is natural to only consider different
eigenvalues without any special attention to zero and infinite eigenvalues, resulting in only
9 structurally different Kronecker structures. The closure hierarchy graph corresponding to
these is shown in Figure 1.

Following [7] we display closure graphs such that orbits (nodes) with the same codi-
mension are displayed on the same horizontal level. The generic case (L) is at the highest
level and the most non-generic pencil (3Lo @ 2L} which is the 2 x 3 zero pencil) is at the
lowest level. Moreover, along each arc in Figure 1 we display the item in Lemma 3.1 for the
necessary condition for consecutive pencils that is fulfilled. From this closure hierarchy it
is possible to find examples where the necessary conditions of Lemma 3.1 are not sufficient
conditions for consecutive pencils. For example, P = Ly @ Ji1(y) and Py = Lo ® 2J1(7)
fulfill the necessary condition (iii), P; = L1 ® Ji(y) and Py = Lo ® Ly & LI fulfill the
necessary condition (vi), as Py = Lo @ J1() ® J1(8) and Py = 2Lo @ J1(7y) ® LE do, while
in all three cases there exists a pencil P such that orbit(P;) D orbit(P) D orbit(P2).

4 Characterizing Closure Relations Using Gantmacher Ma-
trices

Let the Gantmacher matrix R[A, B, 1] of size (i + 2)m x (i + 1)n be defined by

A 0 - 0
B A .o
R[A,B,Z]Z o . . 0 |>
: . B A
| 0 --- 0 B |

where A and B are m x n matrices. When it is clear from context we use the abbreviated
notation R[i], or R[P,i| where P = A — AB, for R[A, B, i].

Gantmacher showed that if R[i — 1] has full column rank but R[i] does not, then there
exists an L; block in the Kronecker structure of A — AB [8]. Here we extend this result
in theorems 4.1-4.2 and we use these extensions in Theorem 4.3 to characterize closure
relations in terms of Gantmacher matrices. The objective is to gain more insight in the
problem of stratification of orbits of Kronecker structures.



Figure 1: Closure hierarchy graph for the set of 2-by-3 pencils.
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Theorem 4.1 If R[A, B,i — 1] has full column rank and R[A, B,i] has a k-dimensional
column nullspace, then there exist k L; blocks in the KCF of A — \B.

Proof. Since R[i — 1] has full column rank but R[i] does not (since it has a k-dimensional
column nullspace), we know from Gantmacher’s results that A — AB is equivalent to the

pencil
L; 0
| .

By rewriting R[] using this equivalent pencil and the notation L; = L — ALZ we have,

— L;4 0 -
0o A
L? o LA
0 B'| 0 A
R[A, B,i] = - K : (4.2)

LB o LA o0
0 B'| o0 A

L% o
i 0 B
where the empty blocks denote zeros. By using
L0 -
I, 0
_ I, 0
U= 0 I , (4.3)
0 Im—i
L 0 I |
and ~ -
Iy 0
0 In—i—l
Ii_|_1 0
V = 0 In—i—l s (44)
I 0
L 0 In—z'—l 1
for row and column permutations, respectively, we have
| BILE LE ] 0
UR[A,B,i|V = 0 RIA', B! ] (4.5)



It is easily shown that R[L#, L2 i] has full row rank and since it is of dimension (i2 +
2i) x (% + 2i + 1), the matrix R[L#, L?,i] has a 1-dimensional column nullspace. Since
R[A, B, 1] has a k-dimensional column nullspace, the matrix R[A’, B',i] must have a (k—1)-
dimensional column nullspace. If kK — 1 > 1, then there is at least one L; block in the KCF
of A" — AB'. By repeating the procedure above, we are in total able to extract k L; blocks
from A - \B. O

Theorem 4.2 If R[A, B,i] has a k-dimensional column nullspace given by k L; blocks in
the KCF of A—\B, then these k L; blocks induce a k(p—i+1)-dimensional column nullspace
in R[A, B,p| forp > i.

Proof. Let R[A, B, i have a k-dimensional column nullspace given by k L; blocks. The total
nullspace may of course be larger due to existence of other right singular blocks. By using
similar reorganizations as in (4.1)—(4.5) of the matrix R[A, B, i], we can obtain a reorganized
matrix with k R[L#, L?, i] matrices in its block structure. Similarly, a reorganized R[A, B, p]
has k R[L#, LZ, p] matrices in its block structure. Since each R[L#, L?, p] matrix has full
row rank and dimensions (p + 2)i x (p + 1)(i + 1), each R[LA, LB p] has a (p — i + 1)-
dimensional column nullspace for p > i. It follows that the k matrices R[L#, L?,i] in total
give a k(p — i + 1)-dimensional column nullspace in R[A, B, p] for p >i. O

From Theorem 3.1 we have that the right singular structure of a pencil P = A — AB is
characterized by the expression

> (i — k)4 ri(P), fori=1,2,..., (4.6)
k

where r(P) is the number of Ly blocks in the KCF of P. For a given value i the sum (4.6)
is equal to
i-T0+(i—1)'7‘1+...+1-7‘i_1.

From theorems 4.1-4.2 we know that (i — j) - r; is the dimension of the part of the column
nullspace of R[A, B,i— 1] that is induced by r; L; blocks. It follows that we get an explicit
expression for n.(R[i]), the dimension of the column nullspace of R][i].

Corollary 4.1 Let ri(P) be the number of right singular blocks in P = A — AB. Then

> (i—k)y - re(P) = ne(R[i — 1), (4.7)
k
fori=1,2,....

To identify the existence of LI blocks in the KCF, Gantmacher stated a dual form of
his theorem. It says that if the (i + 1)m x (i + 2)n matrix

A B 0 - 0
aBig=|% 4 B
. T o0
0 0 A B



does not have full row rank but L[4, B,i — 1] does, then there exists an L} block in the
KCF of A — \B.

As before, we also use the abbreviated notations L[i] or L[P,i] for L[A,B,i]. It is
straightforward to formulate dual versions of theorems 4.1 and 4.2, resulting in similar
explicit expressions for n,(L[i]), the dimension of the row nullspace of L[i].

Corollary 4.2 Let l(P) be the number of left singular blocks in P = A — AB. Then
Y (i = k)4 1(P) = n,(L[i - 1)), (4.8)

k
fori=1,2,....

We have now showed how to interpret the first two inequalities in Theorem 3.1, using
Gantmacher matrices. Our interpretation of the third inequality is partly based on some
final remarks by Pokrzywa [11]. He notes that if we consider the n-by-n pencil A — pI, then

Zmin (i, k) ju (P, ) = ne((A — pl)?),
k

which we recognize as the sum of the ¢ first elements in the Weyr characteristics correspond-
ing to the eigenvalue y [5]. (Since A is square, we also have n.((A — ul)*) = n,((A — uI)?)).
For general A— AB, let w; for the eigenvalue y denote the number of Ji (1) blocks for k > j.
Then

Zmin (6, k) jre(P, ) ij
k
We are now able to rewrite Theorem 3.1 in terms of Weyr characteristics and Gant-
macher matrices.

Theorem 4.3 A pencil Py is in the closure of orbit(Py) if and only if the following in-
equalities hold:

nc(R[Py,i]) < ne(R[P,1)), (4.9)

nr(L[P1,i]) < ne(L[P2,1]), (4.10)

r(Py) Z W< i)+ Y w? (4.11)

for all 1 = 0,1,2,... and wg-l) and wg-z), j = 1,2,..., denote the Weyr characteristics

corresponding to the eigenvalue p € C, for Py and Pa, respectively.

Note that we here start form ¢ = 0 in order to obtain R[] and L[] in (4.10) and (4.10)
instead of R[i — 1] and L[i — 1], as in (4.7) and (4.8). The inequality (4.11) is not affected
by this change, since ¢ = 0 makes both the left hand side and the right hand side equal to
Zero.

One immediate observation is that since w; = 0 for ¢ large enough, r(P;) < 7(P;) must
hold in order to satisfy the third inequality for all i. Indeed, by examining the first two
inequalities using Theorem 4.2, we see that they require P2 to have at least as many Ly
and Lf blocks as P;.

10



5 Characterizing Consecutive Pencils Using the Staircase
Algorithm

Using the staircase algorithm (in infinite precision arithmetic) it is possible to compute the
(exact) Kronecker structure of a given m x n pencil. One phase of the algorithm extracts,
for example, the Jordan structure of the zero eigenvalue and the right singular structure
of A — AB using a finite sequence of orthogonal (unitary) equivalence transformations.
In step & (= 0,1,...) of the first phase, the GUPTRI algorithm [3, 4] (one variant of
the staircase algorithm) determines mj = dimension of the column nullspace of A*) and
my — s = dimension of the common column nullspace of A®) and B*). Here, A(®) = A4 and
B = B and (A®), B®)) for k > 1 correspond to the deflated matrix pair obtained after
the equivalence transformation in step k — 1. The structure indices display the Kronecker
structure as follows:

e my — s, = number of L blocks.
e 38 —myy1 = number of Jx1(0) blocks.

Applying the same algorithm to B — pA results in the Jordan structure of the infinite
eigenvalue and the right singular structure. The Jordan structure (and structure indices)
associated with a finite but non-zero eigenvalue is obtained by applying the algorithm to a
shifted pencil. One way to find the left singular structure is to apply the same algorithm to
the transposed pencil. Another way is to directly determine the sizes of the corresponding
row nullspaces as done in the GUPTRI algorithm, resulting in the Jordan structure of the
infinite eigenvalue and the left singular structure. Then my, — sy, is the number of LI blocks
and s — my41 equals the number of Niy; = Ji11(00) blocks.

In Corollary 5.1, we formulate Lemma 3.1 in terms of the structure indices computed by
the staircase algorithm. Given a pencil P;, we show prerequisites on its structure indices for
each item in Lemma 3.1 and how they must change in order to characterize a pencil Py such
that orbit(P;) D orbit(Py) and P; and P, fulfill necessary conditions for two consecutive
pencils. We use an arrow (—) to show how one block in the KCF is transferred to another.

Corollary 5.1 Items (i)—(vi) show prerequisites on the m; and s; indices of a pencil Py and
the changes required in these indices to find a pencil P, such that orbit(P1) D orbit(P;)
and P1 and Py fulfill necessary conditions for two consecutive pencils.

(i) For 1 < j < k there exist at least one L; and Ly in the KCF of Py if either m; >
8j, mg > sk and j <k, ormj > s;+1 and j = k. Py is characterized by the changes
mj i=m; — 1, sj_1 := 851 — 1 (Lj = Lj_1), Mpy1 := mpq1 + 1, and s := s, + 1
(Lk — Lk—l—l)-

(ii) Similar to item (i) but with the my and sy indices replaced by the indices representing
the corresponding left singular structure.

(ili) For j,k > 0 there exist at least one Lji1 and Ji(p) in the KCF of Py if mji1 > sjt1
and si_1 > my. The last relation is not applicable if k = 0. Py is characterized by the
changes mjy1 :==mj1 —1, sj:=8;—1 (Ljy1 = Lj), mp :=myp +1, and s := s +1
(Je(pt) = T (p))-

11



(iv) Similar to item (iil) but with the my, and sy indices replaced by the indices representing
the corresponding left singular structure and Jordan structure.

(v) Forl < j <k there ezist at least one J;_1(p) and Jyy1(p) in the KCF of Py if sj_9 >
mj_1, Sk > Myi1. The first relation is not applicable if j = 1. Py is characterized by
the changes mj_1 == mj_1 +1, sj_1 1= sj_1 + 1 (Jj_1(n) = Jj(n)), mg == my — 1,
and si = s — 1 (Jp1 (1) = Ji(p)).

(vi) There ezist t Jordan blocks Ji,(pi), (ki > 1) where each Jordan block corresponds
to a different eigenvalue p;. The structure indices for each eigenvalue must fulfill
Sk;—1 > My,. P2 is characterized by the changes ss_1 := ss_1 — 1, mg := ms — 1, for
0 =1,...,k; for the indices corresponding to each of the eigenvalues. Simultaneously,
the indices for L; blocks must be changed as mqy := mq+1 fora =0,...,p, s¢ := 8q+1
for a=0,...,p—1 and the indices for L]T blocks must be changed as mg := mg + 1
for 3=0,...,q,s5:=s3+1 for 3=0,...,q—1, wherep+q+1= St ki. These
operations replace the reqular part corresponding to the t Jordan blocks with a generic
square singular pencil L, ® LqT.

Similarly, given P; it is possible to characterize a pencil Py such that orbit(Ps) D
M(Pl) and P; and P fulfill necessary conditions for two consecutive pencils. Of course,
this will impose different prerequisites on P;’s structure indices. The details are omitted
here.

Applying the GUPTRI algorithm in finite precision arithmetic means that all rank
decisions for computing the structure indices are made with respect to a user supplied
tolerance which reflects the relative accuracy of the data [3, 4]. Assuming a fixed accuracy of
the input data it is possible to increase or decrease the tolerance for rank decisions such that
a more non-generic pencil or a more generic pencil, respectively, is computed. Alternatively,
given a Kronecker structure computed by the staircase algorithm we can impose a more
non-generic Kronecker structure by applying any of the applicable structure index changes
in Corollary 5.1. A modified GUPTRI algorithm can deliver an upper bound on the size
of the distance from the pencil P; we started with to the pencil Py we imposed such that
Py is in orbit(P;). The other way around, we can start with a pencil P; and construct a
more generic pencil Py by adding perturbations (whose sizes depend on the rank decision
tolerance) such that P; is in orbit(P;) and the necessary conditions for consecutive pencils
are fulfilled.

In infinite precision arithmetic we can always go upwards in the closure hierarchy by
adding arbitrary small perturbations. This is normally not the case for going downwards
in the hierarchy. See [7] for computable normwise bounds of the smallest perturbations for
going downwards (or upwards) in the closure hierarchy of the set of 2 x 3 pencils.

6 An Algorithm for Generating Closure Hierarchies

In the following we give an algorithm for deriving the complete closure hierarchy below
a given m-by-n pencil P. By choosing P as the generic pencil, the algorithm derives the
complete closure hierarchy for m-by-n pencils. We call P; a successor of P if and only if

12



P and P; are consecutive and orbit(P) D orbit(P;). Algorithm 6.1 generates the closure
hierarchy by finding all successors of each KCF.

Algorithm 6.1 Let P denote the starting KCF and let QQ denote a queue of generated
structures, whose successors are not yet determined. Initially Q is empty.

1. Generate all structures, P1,Pa,..., that are candidates for being successors of P, by
applying all appropriate items (i) - (vi) of Corollary 5.1, on all appropriate combina-
tion of blocks in P. That 1s, change the m; and s; according to each item where the
prerequisites on the indices are fulfilled.

2. Compare all pairs (P;, P;) of candidate successors of P, using Theorem 4.3 (or The-
orem 3.1) to detect if orbit(P;) D orbit(P;). If so, the P; and P are not consecutive,
and Pj is discarded from being a successor of P. All other P;s are registered as suc-
cessors of P.

3. All remaining P;s that are not already in Q) are inserted in order of increasing codi-
mension.

4. If Q is not empty, remove the first KCF in Q and denote it P. Repeat from 1.

We illustrate the execution of Algorithm 6.1 by showing how it generates the complete
closure hierarchy for the set of 2-by-3 matrix pencils in Table 1. The algorithm starts
with P = Lo, i.e., the generic 2-by-3 Kronecker structure. For each P, the table shows
all candidate successors as generated from step 1 in the algorithm. Candidate successors
that are discarded in step 2 are overcrossed in Table 1. The graph displaying the complete
closure hierarchy in Figure 1 is obtained by drawing arrows from each structure P in the
table, to all its successors (but not to the overcrossed ones).

Table 1: Successors in the closure hierarchy for the set of 2-by-3 matrix pencils, in order as
generated by Algorithm 6.1.

P Successors

Lo: Li®Ji(y)

Li®Ji(y): Lo®J1(7)®J1(6), Ev®2Jr{y), Lo®Ja(7), Fvdbretl
Lo®Ji(v)®J1(0): 2Egdr{rydEl, 2Lo® L], Lo®Li®LT

Lo® J2(7): Lo®2J1(v), 2Lo® LT, Lo@ Ly LT

Lo®Li®LT: 2Lo®J1(v)LE

2Lo®LT: 2L @y (7) O LG

Lo®2J1(7): 2Ly i ()@ Lj

2Lo® ()@ LE:  3Lga Ll

3LodLE:

To obtain an algorithm for computing the structure hierarchy above a given pencil we
have to do the following. In step 1 in Algorithm 6.1, the use of Corollary 5.1 should be
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replaced by use of a corresponding corollary, that given a pencil P; gives the prerequi-
sites and the required changes in the m; and s; indices for finding a pencil Py such that
orbit(Py) D orbit(P;) and P; and P, fulfill necessary conditions for consecutive pencils,
according to Lemma 3.1. In step 2, P; should be discarded from being successor of P
if orbit(P;) D orbit(P;). In step 3, Q should be sorted in decreasing order of codimen-
sion. Finally, to derive the complete closure hierarchy, we should now start with the most
non-generic pencil, i.e., the zero pencil.

We now from [7] that that number of different Kronecker structures grows rapidly for
increasing m and n. In Algorithm 6.1, this will not only cause a lot of more work for
generation of all true successors, but there will also be a large growth of the number of
generated candidate successors that in step 2 are discarded. Therefore, the amount of
redundant work in the algorithm will increase with increasing m and n.

7 Conclusions

We have given new interpretations of important results by Pokrzywa [11], for determining
closure relations among orbits of Kronecker structures. This has partly been done by
generalizing classical theorems by Gantmacher [8]. These results have been used to derive
an algorithm for computation of the complete Kronecker structure hierarchy, or the complete
hierarchy above or below a given Kronecker structure. The algorithm is presented in terms
of the rank-decisions required in a staircase algorithm, in order to compute the Kronecker
structure hierarchy.

From a mathematical point of view, we know that the Kronecker structures that are
closest to a pencil P with a given structure are the ones that are above it in the hierarchy.
We know that these structures are the ones that are found by adding perturbations in
the normal space of orbit(P) in the point given by P. How to actually compute these
perturbations, or the versal deformation of a KCF, is shown in [6]. For our purposes, it is
not the versal deformation itself that is most important. We are more interested in metrical
information for the perturbation theory relevant to the Kronecker canonical form. The
results in this contribution should be seen in this context and as preliminary results for the
second part of [6].
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