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A state-space system S with the state-space model
t(t) = Az(t) + Bu(t),
y(t) = Cu(t) + Du(t),

can be represented in the form of a system pencil

A B I 0
S(A) = A — AB = Y ,
C D 0 0

with the corresponding general matrix pencil A — \B.

In short form S is represented by a matrix quadruple (A, B, C, D).




We consider the subsystems of S corresponding to the controllability
pair (A, B) and the observability pair (A, C), associated with

t(t) = Az(t) + Bu(t),

and

respectively.

Their system pencil representations are

Sc(A) = [A B} — A [In 0} and So(A) = — A
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Any matrix pencil A — AB can be transformed into Kronecker canonical
form (KCF) using equivalence transformations (U and V' non-singular):

U YA —-\B)V =

diag(Ley, -5 Lepy J(p1), -+ o5 J(pae)y Ny oy Ny Ly oy Ly ).

Singular part:
» L,...,L,, —Right singular blocks, ¢; are the right minimal indices.
s L, ,...,L; —Leftsingular blocks, 7; are the left minimal indices.

Regular part:

» J(p1),...,J () — Each J(u;) is block-diagonal with Jordan blocks
corresponding to the finite eigenvalue ;.

» Ng.,...,N, —Jordan blocks corresponding to the inf. eigenvalue.
L MTNS 2004 - Leuven, Belgium —p. 5/18
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where J;(1;) and N; are of size j x j, L. of size e x (e + 1) and L] of
size (n+1) xn.




® Sc(N) = [A B] — A [[n ()} has full row rank =

KCF of Sc¢(A) can only have finite eigenvalues (uncontrollable
modes) and L;. blocks:

U~ 'Sc(\)V =diag(Leys -y Le,, J(11), -« -, J(11t)).

A I,
® So(\) = — A has full column rank =

C 0

KCF of Sp(\) can 6n|3_/ have finite eigenvalues (unobservable
modes) and L: blocks:

U_lsO ()\)V — dlag(‘](:ul)a R J(:ut)a Lgla Tt 7L£p)‘




An n x n matrix is a point in an n?-dim (matrix) space.
Likewise, an m x n matrix pencil is a point in a 2mn-dim space.

The set of all matrices with the same canonical form is a manifold in the
n?-dim space.
— Which other structures are in the closure of one such manifold?

Numerical computations — moving from point to point or manifold to
manifold.
Manifolds — orbits of similar matrices, equivalent matrix pencils, etc.

A stratification is the closure hierarchy of orbits or bundles of canonical
structures.

A structure covers another if its closure includes the closure of the other

and there is no structures in between.
- TNS2004-LewenBelgium—p 88




Orbit of a matrix pencil:
O(A —)\B) = {U (A = AB)V :det (U)det (V) # 0}

Orbit of a controllability pair:

( B 7 )
P10
O(A,B) =< P Sc()\) . det (P)det (Q) #0
R Q!
\ _ . /
Orbit of an observability pair:
( 'P S' » )
O(A,C) = 4 So(A)P ™" :det (P)det (T) #0 ;
0 T

Bundle, B(x) — the union of orbits with unspecified eigenvalues.
L MTNS 2004 - Leuven, Belgum —p. 918




Normal space, nor(A — AB) — The space complementary and
orthogonal to tan(A — AB).

dim(tan(A — AB)) = dim(O(A — AB))
dim(tan(A — AB)) + dim(nor(A — AB)) = 2mn

Codimension — Dimension of the normal space to O(A — AB).

nor(A - AB)

-~ tan(A- AB)
orb(A - AB)

A-AB
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A partition  of an integer K is defined as x = (k1, ko, .. .) Where
K1 > Ko > -« ZOandK:/ﬁ—l—/iqu....

Minimum rightward coin move: rightward one col or downward
one row (keep partition monotonic).

o >
00— = 00
0000 " 00o0e

Minimum leftward coin move: leftward one col or upward one row
(keep partition monotonic).

O = ol
00@® — 00
0000 0000




» J,.. = (J1,72,-..) Wwhere j; = #J,(u;) blocks with & > 4. 7, is
known as the Weyr characteristics of the finite eigenvalue ;.

s N = (ny,ns,...) where n; = #N, with k > i. N is known as
the Weyr characteristics of the infinite eigenvalue.

» R =(rg,r1,...) Where r; = #L, blocks with £ > 1.
o L = (lp,ly,...) where [; = #L] blocks with & > i.

These block sizes are computed by staircase-type algorithms
(e.g. GUPTRI (Demmel and Kagstrom)).




Given the structure integer partitions £, R and 7, ( B)
(A, C), the following if-and-only-if rules find (A, B) or (A, C) uI—
filling orbit or bundle covering relations with (A, B) or (A,C), r

spectively.

O(A, B) covers O(A, B) O(A, B) is covered by O(A, B)

(or O(A,C) covers O(A,(C)): (or O(A,C) is covered by O(A, C)):

(1) Minimum rightward coin move in R (Or | (1) Minimum leftward coin move in R (or
L).

L), without affecting ro (or lo).
(2) If the rightmost column in R (or £) is 2)
one single coin, move that coin to a new consists of one coin only, move that

rightmost column of some 7 ,,, (which coin to a new rightmost column in R (or
may be empty initially). L).

If the rightmost column in some 7,

(3) Minimum leftward coin move in any (3) Minimum rightward coin move in any

‘7.‘1'71' ju

;"

Rules 1 and 2 may not make coin moves that

affect ro (or lop).

Similar theorem exists for the bundle case.
. MTNS 2004 - Leuven, Belgium —p. 14118




Consider the system pencil

S(\) = — A

where A, B, C € C?*2,

S(\) as a general 4 x 4 matrix pencil
= 47 structures!
So(A) as a general 4 x 2 matrix pencil
=- 10 structures!

Does not take advantage of the spe-
cial structure of S(\) or Sp ().







O(A, O)

(2) If the rightmost columnin R (or £) is
one single coin, move that coin to a new
rightmost column of some 7, (which may
" be empty initially).
LT & Jy(a) The rule may not make coin moves that
affect ro (or lp).

L=(1,1,1) = L=(1
ja:() = ja:

Ly

1)
(1)




O(A, O)

Ly

Li®J
1 © i) (2) Move the single rightmost coin in £ to

//a new column in the existing 7 ..
Ly ® J2(a) L=(1,1) = L£=(1)
ja:(l) = ja:(lal)




(2) Move the single rightmost coin

LlT/eBJ\l(oi)/// in £ to a new partition Js.

L=(1,1) = £=(1)
Ly @ Jo(a) Lj@® i) ®h(B) g7,=01) = Tu=1)

Jg=(0 = JTsg=I(1)




O(A, O)

Ly

1/\1(
O )
) /E
1
i u
z’.




O(A,C) O(4, B)
Li Lo
LC{ &b Jl(Oz) L1 & Jl(Oz)

/N /N

Ly & Jola) Ly ® Jila)® Ji(B)  Lo® Jo(a)  Lo@ Ji(e) & Ji(B)

N\ N

Li @ 2J1(a) Lo ® 2J1 ()




StratiGraph is a software tool for
computing and visualizing the clo-
sure hierarchy of orbits and bun-
dles.

Support for matrices, matrix pencils
and matrix pairs (both controllability |
and observability pairs). :

Developed at Department of Com-
puting Science, Umea University,
by Pedher Johansson (in collabo- — e
ration with Bo Kagstrém and Erik - s 2
Elmroth).




[1]

[2]

[3]

[4]

[5]

A. Edelman, E. EImroth, and B. Kagstrém. A geometric approach to perturbation theory of
matrices and matrix pencils. Part |: Versal deformations. SIAM J. Matrix Anal. Appl.,
18:653—692, 1997.

A. Edelman, E. EImroth, and B. Kagstrém. A geometric approach to perturbation theory of
matrices and matrix pencils. Part II: A stratification-enhanced staircase algorithm. SIAM J.
Matrix Anal. Appl., 20:667—669, 1999.

E. Elmroth, P. Johansson, and B. Kagstrém. Computation and presentation of graph
displaying closure hierarchies of Jordan and Kronecker structures. Numer. Linear Algebra
Appl., 8(6—7):381-399, 2001.

P. Johansson. StratiGraph user’s guide. Technical Report UMINF 03.21, Umea University,
Nov. 2003.

S. Johansson. Stratification of matrix pairs with applications in control theory (in Swedish).
Master’s thesis, Umea University, Department of Computing Science, 2001. UMNAD 373/01.

To download StratiGraph and for more information visit:

http://www.cs.umu.se/research/nla/singular_pairs/
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