
Robust Task-Parallel Solution of the

Triangular Sylvester Equation

Angelika Schwarz, Carl Christian Kjelgaard Mikkelsen

PPAM 2019



Triangular Sylvester Equation

Solve

A X + X B = C
(m ×m) (m × n) (m × n) (n × n) (m × n)

where A, B are triangular. The unique solution X exists iff

σ(A) ∩ σ(−B) = ∅.

+ =

We store X on top of C .
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Scalar solution of the triangular Sylvester equation

aiixij + xijbjj = cij −
i−1∑
k=1

aikxkj −
j−1∑
k=1

xikbkj

+ =

Solve
a11x11 + x11b11 = c11
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Scalar solution of the triangular Sylvester equation

aiixij + xijbjj = cij −
i−1∑
k=1

aikxkj −
j−1∑
k=1

xikbkj

+ =

Update:
for k ← 2 : m

ck,1 ← ck,1 − ak,1x11
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Scalar solution of the triangular Sylvester equation

aiixij + xijbjj = cij −
i−1∑
k=1

aikxkj −
j−1∑
k=1

xikbkj

+ =

Update:
for `← 2 : n

c1,` ← c1,` − x11b1,`
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Scalar solution of the triangular Sylvester equation

aiixij + xijbjj = cij −
i−1∑
k=1

aikxkj −
j−1∑
k=1

xikbkj

+ =

Solve
a22x21 + x21b11 = c21
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Scalar algorithm

aiixij + xijbjj = cij −
i−1∑
k=1

aikxkj −
j−1∑
k=1

xikbkj

solve

update with B

update
with A

for row i ← 1, 2, . . . ,m
for column j ← 1, 2, . . . , n

Solve aiixij + xijbjj = cij
cij ← xij
for k ← i + 1, i + 2, . . . ,m

ckj ← ckj − akixij
for `← j + 1, j + 2, . . . , n

ci` ← ci` − xijbj`
return C
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Tiled solution of the triangular Sylvester equation

AiiXij + XijBjj = Cij −
i−1∑
k=1

AikXkj −
j−1∑
k=1

XikBkj

+ =

Solve with inner triangular Sylvester equation solver (Sylv)
A11X11 + X11B11 = C11

8 / 20



Tiled solution of the triangular Sylvester equation

AiiXij + XijBjj = Cij −
i−1∑
k=1

AikXkj −
j−1∑
k=1

XikBkj

+ =

Tile updates with DGEMM
for k ← 2 : m/b // b: tile size

Ck1 ← Ck1 − Ak1X11
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Tiled algorithm

AiiXij + XijBjj = Cij −
i−1∑
k=1

AikXkj −
j−1∑
k=1

XikBkj

Sylv

Update with B

Update
with A

for tile row i ← 1, 2, . . . ,m/b
for tile column j ← 1, 2, . . . , n/b

Solve AiiXij +XijBjj = Cij (Sylv)
Cij ← Xij

for k ← i + 1, i + 2, . . . ,m/b
Ckj ← Ckj −AkiCij (Update)

for `← j + 1, j + 2, . . . , n/b
Ci` ← Ci` − CijBj` (Update)

return C
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Equivalent Linear System

A X + X B = C
(m ×m) (m × n) (m × n) (n × n) (m × n)(

In ⊗ A + BT ⊗ Im
)

vec X = vec C

Example. m = n = 3. A
A

A

+

 b11I3
b12I3 b22I3
b13I3 b23I3 AI3

 vec X = vec C

Consider A = BT = 1
4

 1
−4 1
−4 −4 1

 ,C =

 1 0 0
0 0 0
0 0 0

 .
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Growth in the solution entries

1
2
−1 1

2
−1 −1 1

2

−1 1
2

−1 −1 1
2

−1 −1 −1 1
2

−1 −1 1
2

−1 −1 −1 1
2

−1 −1 −1 −1 1
2





2
4

12
4

16
64
12
64

304


=



1
0
0
0
0
0
0
0
0


Reassemble the matrix:

X =

 2 4 12
4 16 64

12 64 304


You ignore overflow at your own risk!
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Scaled triangular Sylvester equation

A(α−1X ) + (α−1X )B = C

I α ∈ (0, 1] effectively extends the floating-point range

I Avoid overflow by dynamic downscaling of solution

I Overflow threshold in double-precision Ω = 21023

correct
matrix

representation in
double-precision

scaled
representation(

21024 21023

0 2−10

) (
∞ 21013

0 2−10

) (
1
2

)−1( 21023 21022

0 2−11

)
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Scaled tiled triangular Sylvester equation

I Associate every tile Xij with one
scaling factor αij ∈ (0, 1]

I Represent tile Xij as scaled tile α−1ij Xij

I Solve the tile-locally scaled tiled
triangular Sylvester equation

Aii (α
−1
ij Xij) + (α−1ij Xij)Bjj = Cij

−
i−1∑
k=1

Aik(α−1kj Xkj)−
j−1∑
k=1

(α−1ik Xik)Bkj

I The products α−1ij Xij are never
explicitly formed

I Reduce αij to global scaling factor α

α−111 X11 α−112 X12

α−121 X21 α−122 X22

α−131 X31 α−132 X32

⇓

α−1
X11 X12

X21 X22

X31 X32
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Robust tiled algorithm

Aii (α
−1
ij Xij) + (α−1ij Xij)Bjj = Cij −

i−1∑
k=1

Aik(α−1kj Xkj)−
j−1∑
k=1

(α−1ik Xik)Bkj

Set all αij ← 1
for tile row i ← 1, 2, . . . ,m/b

for tile column j ← 1, 2, . . . , n/b
Solve Aii (β

−1Xij) + (β−1X )ijBjj = Cij (RobustSylv)
[αij ,Cij ]← [β,Xij ]
for k ← i + 1, i + 2, . . . ,m/b

α−1kj Ckj ← α−1kj Ckj − Aki (α
−1
ij Cij) (RobustUpdate)

for `← j + 1, j + 2, . . . , n/b

α−1i` Ci` ← α−1i` Ci` − (α−1ij Cij)Bj` (RobustUpdate)

Reduce α← min
i ,j
{αij}

Scale all tiles consistently Cij ← (α/αij)Cij

return [α,C ]
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RobustUpdate([α,A], [β,B], [γ,C ])

η ← min{α, β, γ}
ζ ← ProtectUpdate((η/γ)||C ||∞), (η/α)||A||∞, (η/β)||B||∞)
δ ← ηζ
D ← (δ/γ)C − [(δ/α)A] [(δ/β)B]
return [δ,D]

Used to compute

δ−1D ← γ−1C − A(β−1B)

δ−1D ← γ−1C − (α−1A)B
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Race on m = n = 10000

Comparison with non-robust task-parallel FLASH Sylv (libflame)
No numerical scaling required
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The overhead of overflow protection is negligible when numerical
scaling is not necessary.
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Race on m = n = 10000

µ = 102: No numerical scaling required (best case)
µ = 10−7: Numerical scaling required in every step (worst case)
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µ = 10−7

µ = 102

Numerical scaling is costly, but without it the problem cannot be
solved.
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Summary

I Already simple systems can have quickly growing solutions

I Dynamic scaling of the solution allows us to avoid overflow

I Tile-local scaling factors close the gap between
libflame/FLASH Sylv and LAPACK/dtrsyl without
sacrificing parallel scalability

I Overhead from overflow protection is negligible when
numerical scaling is not necessary

I Works for quasi-triangular A, B, too

There is no reason to not use a robust solver!
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Task graph

+ =

RobustSylv

RobustUpdate


