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Abstract

To design a modern control system is a complex problem which requires high
qualitative software. This software must be based on robust algorithms and
numerical stable methods which both can provide quantitative as well as qual-
itative information. In this Licentiate Thesis, the focus is on the qualitative
information. The aim is to grasp the underlying advanced mathematical theory
and provide algorithms and tools for their implementation.

Using a unifying terminology and notation, Paper I gives an introduction
to stratification for orbits and bundles of matrices, matrix pencils, and system
pencils with applications in systems and control. An extensive part of the
paper is dedicated to the underlying theory and to introduce the reader to the
subject. The theory is throughout the paper illustrated with several examples
and the differences between the terminology from mathematics, systems and
control theory, and numerical linear algebra are highlighted. The introduction
includes a presentation of different canonical forms which reveal the system
characteristics of the model under investigation. A stratification provides the
qualitative information of which canonical structures of matrix (system) pencils
are near each other in the sense of small perturbations. Fundamental concepts
in systems and control, like controllability and observability of a system, are
considered and it is shown how these system characteristics can be investigated
with the use of the stratification theory. New results are presented in the form
of the cover relations for controllability and observability pairs. Moreover, the
permutation matrices which take a matrix pencil in the Kronecker canonical
form to the corresponding system pencil in (generalized) Brunovsky canonical
form are derived. Two novel algorithms for determining these two permutation
matrices are provided.

Paper II gives a short introduction to stratification of orbits and bundles of
controllability and observability pairs. The underlying theory is introduced and
it is shown how the results are used in the software tool StratiGraph.
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Preface

The thesis consists of the following two papers and a short introduction including
a summary of the papers.

I. Stefan Johansson. Canonical forms and stratification of orbits and bundles
of system pencils. Technical report UMINF 05.16.

II. Erik Elmroth, Pedher Johansson, Stefan Johansson, and Bo Kågström.
Orbit and bundle stratification of controllability and observability matrix
pairs in StratiGraph. In B. De Moor et.al., editor, Proc. Sixteenth In-
ternational Symposium on Mathematical Theory of Networks and Systems
(MTNS2004), Leuven, Belgium, July 2004.
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Introduction

To analyze and understand today’s control systems, robust and advanced nu-
merical methods are required. In order to develop these methods the underlying
mathematical theory as well as the practical implications have to be well un-
derstood. Since the beginning of the 1970s great advancements have been done
in systems and control theory, and research is today conducted by scientists
in a broad range of disciplines, like control systems, computing science, and
mathematics. A consequence of this situation is that we see different terminol-
ogy and notation used for similar representations. In Paper I, this problem is
emphasized and throughout the paper an unified terminology is used where the
difference between related terminology is highlighted.

For an introduction to systems and control theory there exists several in-
troductory textbooks where the fundamental terminology and notation are ex-
plained. For more advanced textbooks that also consider numerical aspects we
refer to [3, 14, 15, 16]. The following introduction to the subject of the Licen-
tiate Thesis is kept very short, since Paper I includes an extensive introduction
and unnecessary redundancy wants to be avoided.

In systems and control theory, we usually consider a system S that from
input signals produce output signals given the current states of the system.
Such a system can either be analyzed using a polynomial model

D(λ)Y (λ) = N(λ)U(λ),

which is the classical approach, or by its associated state-space model

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t).

The methods for the polynomial model have the advantage of being faster than
the methods for the state-space model, and typically a polynomial model has
less free parameters than the corresponding state-space model. However, from
a numerical point of view it is more convenient and advisable to use the state-
space representation. Moreover, as the systems become larger the difference
between the number of free parameters become smaller and the advantage of
the polynomial model diminishes. In Paper I, we explain the relation between
these two models. However, in both Paper I and Paper II we mainly focus on
the state-space representation.
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2 Introduction

A state-space system can also be represented and analyzed in terms of a
system pencil

S(λ) = S − λT =
[
A B
C D

]
− λ

[
In 0
0 0

]
.

The system pencil S − λT is a special form of a general matrix pencil A − λB,
where A and B are arbitrary and unstructured matrices. Both these pencil
forms are of great interest and are more thoroughly explained and discussed in
Paper I.

When analyzing a state-space system, the canonical structure of the associ-
ated system pencil is of great interest. Examples include the computation of the
controllability and observability characteristics, which are two fundamental con-
cepts in systems and control theory (see Paper I and Paper II). In Paper I, two
major forms to represent the canonical structure of a pencil are presented: the
Kronecker canonical form [9] and the (generalized) Brunovsky canonical form
[2]. One of the major contributions of Paper I is the derivation of the permu-
tation matrices which take a matrix pencil in the Kronecker canonical form to
the corresponding system pencil in the generalized Brunovsky canonical form.
These canonical forms are intended and well suited for theoretical analyses but
should not be used in practice. Instead, when computing the canonical structure
information so called staircase-type forms are used [1, 4, 5, 12, 13, 17]. These
forms are computed using only orthogonal (unitary) transformation matrices
and backward stable algorithms. A brief introduction to different staircase-type
forms are given in Paper I.

When computing different characteristics of a system, like its canonical struc-
ture information, small changes in some data can drastically change the com-
puted results. These small perturbations can for example arise from noise in the
system or from the well known fact that computers use finite-precision arith-
metics. Therefore, it is important to understand how a system changes under
small perturbations. The qualitative information about nearby systems is re-
vealed by the theory of stratification [6, 7, 8]. More precisely, a stratification
gives the closure hierarchy of orbits and bundles of canonical structures associ-
ated with matrix pencils. For a more detailed explanation we refer to Paper I,
where an extensive introduction to stratification of orbits and bundles of matri-
ces, matrix pencils and system pencils is given. The mathematical background
theory is presented as well as an introduction to the application related theory
of systems and control. The introduction to the stratification theory is another
major contribution of Paper I.

The third major contribution of the thesis is the derivation of the stratifi-
cation for orbits and bundles of the matrix pairs (A, B) and (A, C), which are
subsystems of a state-space system and known as the controllability pair and
the observability pair, respectively. These rules are derived and illustrated in
Paper I and a short explanation of them are presented in Paper II.



Summary of papers

In the following, a brief summary of each paper in the thesis is given.

Paper I

Paper I gives an introduction as well as an extensive reference to the stratifica-
tion theory. It begins with a brief introduction to systems and control theory;
different forms to represent a system and fundamental concepts in systems and
control are introduced.

Then, the Jordan, Kronecker, and (generalized) Brunovsky canonical forms
for matrices, matrix pencils and system pencils, respectively, are considered.
The invariants which reveal the canonical structure information are presented
and the close relation between the Kronecker canonical form and the (general-
ized) Brunovsky canonical form is derived. It is followed by a brief introduction
on how the canonical structure information can be computed with numerically
stable methods.

Next, the matrix and pencil spaces are considered. Fundamental concepts
like the tangent space, the normal space, orbits, bundles and the codimension
are defined.

A major part of Paper I is devoted to the introduction of the stratification
theory, including several illustrative examples. Integer partitions and coin moves
which are used in the stratification theorems are explained. The closure and
cover conditions for matrices and matrix pencils are presented, and the closure
and cover conditions for matrix pairs are derived. This section ends with an
example illustrating the stratification of a state-space system. Finally, a brief
overview of existing software for solving systems and control problems is given.

Paper II

In Paper II, the stratification rules for orbits and bundles of controllability and
observability pairs are presented. It also presents how the results are used in
StratiGraph, which is a software tool for computing and visualizing the closure
hierarchy [8, 10, 11].

This work was presented at the sixteenth international symposium on Math-
ematical theory of networks and systems (MTNS2004), Leuven, Belgium, July
2004.
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tion of graph displaying closure hierarchies of Jordan and Kronecker struc-
tures. Numer. Linear Algebra Appl., 8(6–7):381–399, 2001.

[9] F. Gantmacher. The theory of matrices, Vol. I and II (transl.). Chelsea,
New York, 1959.

[10] P. Johansson. StratiGraph Developer’s Guide. Technical report, Depart-
ment of Computing Science, Ume̊a University, Sweden. To appear.

5



6 References

[11] P. Johansson. StratiGraph User’s Guide. Technical Report UMINF 03.21,
Department of Computing Science, Ume̊a University, Sweden, 2003.
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Paper I

Canonical forms and stratification of
orbits and bundles of system pencils∗

Stefan Johansson

Department of Computing Science, Ume̊a University
SE-901 87 Ume̊a, Sweden.

stefanj@cs.umu.se

Abstract

Using a unifying terminology and notation an introduction to the the-
ory of stratification for orbits and bundles of matrices, matrix pencils
and system pencils with applications in systems and control is presented.
Canonical forms of such orbits and bundles reveal the important system
characteristics of the models under investigation. A stratification provides
the qualitative information of which canonical structures are near each
other in the sense of small perturbations. We discuss how fundamental
concepts like controllability and observability of a system can be studied
with the use of the stratification theory. New results are presented in
the form of the cover relations for controllability and observability pairs.
Furthermore, different canonical forms are considered from which we can
derive the characteristics of a system. Specifically, we discuss how the
Kronecker canonical form is related to the Brunovsky canonical form and
its generalizations. Concepts and results are illustrated with several ex-
amples throughout the presentation.

Key words. Stratification, Jordan canonical form, Kronecker canoni-
cal form, Brunovsky canonical form, orbit, bundle, closure relations, cover
relations, state-space system, system pencil, matrix pencil, matrix pair,
triple and quadruple.

∗Report UMINF-05.16, ISSN-0348-0542, 2005. Financial support has been provided
by the Swedish Foundation for Strategic Research under the frame program grant A3 02:128.
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1. Introduction 13

1 Introduction

Today, control systems are common parts of products we are using in our every-
day life, like automobiles, DVD players, home heating systems etc. In industrial
environments, control systems are even more common, for example, to regulate
the temperature in a chemical process or to control an autonomous robot. As
these systems become more and more complex, new methods and software are
required that help us to analyze and understand their behavior. Systems and
control theory has grown from just being an area of interest for engineers in con-
trol to be one for scientists with a broad range of specialities, including parallel
computing, algorithm analysis and numerical linear algebra.

A problem arising when scientists with different backgrounds are working in
the same area, is that different notation and terminology are used. This can lead
to that new important results are missed and that old unreliable methods are
used when there exist new robust methods. An important contribution of this
paper, is to bring together and summarize different notation and terminology,
and express existing and new results using one terminology. For this survey, an
extensive literature study has been done in papers and books on control theory,
mathematics and numerical linear algebra. Systems and control theory is a huge
area, so we have chosen to limit our attention to a few related subjects.

Since control systems often are very large and complex, it is desirable or
even necessary to approximate the reality with a model. Large systems are of-
ten reduced using model reduction and complex systems are represented by a
simplified model. In this paper, we consider linear time-invariant, finite dimen-
sional systems. Is this a restriction? In practise, it is not. First of all, these
systems can be understood and analyzed using well known theory and existing
robust algorithms. Furthermore, nonlinear systems are normally approximated
with a sequence of linear systems, and methods for time varying systems are
often based on recursive use of time-invariant methods. For infinite dimensional
systems (for example arising in partial differential equations), discretization is
typically done using a finite elements method to represent the underlying oper-
ator. This generates a (typically) large and sparse matrix which now is of finite
dimension.

For critical systems, like the steering system of an airplane, it is crucial
that the system is controllable in all possible states. What we mean by that
is, loosely speaking, that the steering should always (in any situation) react as
predicted and not collapse in an uncontrollable state so that the airplane no
longer can be controlled. Controllability is one of the fundamental concepts
in systems and control theory, and is an important part of this paper together
with observability. Other fundamental concepts are for example reachability,
reconstructability, stability and detectability.

We are also interested in how linear systems and models behave under small
perturbations. This is critical since computing the canonical structure of a sys-
tem is an ill-posed problem and is therefore sensitive to small perturbations.
The canonical structure is, for example, of interest when computing the con-
trollability and observability characteristics of a system. The problems that can
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arise can be exemplified using the above mentioned steering system of an air-
plane. In a given time, the computed canonical structure of the steering system
may indicate that we can control all rudders of the airplane. However, it may
be so that a particular unexpected reaction from the pilot results in that one
of the components in the steering systems no longer is controllable. Especially,
it is important to know the canonical structure of these uncontrollable systems
and how near they are our controllable system. Most likely are such systems
almost impossible to reach.

We study how small perturbations can change the canonical structure of a
matrix, matrix pencil, and a system pencil

S(λ) =
[
A B
C D

]
− λ

[
I 0
0 0

]
,

associated with the state-space system

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t).

The controllability pair (A, B) and the observability pair (A, C), which are
subsystems of the state-space system given above, are used for computing the
controllability and observability characteristics of a system.

A stratification provides the qualitative information of which canonical struc-
tures are near each other in the sense of small perturbations. The theory of
stratification is presented in [29, 30, 32] and can be analyzed and illustrated
with the software tool StratiGraph [33, 66, 67]. To give an introduction to
stratification of orbits and bundles is the second major contribution of this pa-
per. The paper focuses on stratification of matrices, matrix pencils, and matrix
pairs. We present the stratification theory and its theoretical background illus-
trated with several examples. Moreover, the stratification theory is explained
with some examples arising in systems and control theory.

The stratification is the closure hierarchy of orbits and bundles of canonical
structures. The hierarchy is given from the closure and cover relations of orbits
and bundles, where the cover relations guarantee that two structures are nearest
neighbours in the closure hierarchy. An orbit, for example for matrices, is the
manifold of all similar matrices, and a bundle is the union of all orbits with the
same canonical form but with unspecified eigenvalues [2].

The last and major contributions of this paper are two new results. First, we
have derived the permutation matrices which take a matrix pencil in Kronecker
canonical form to one in (generalized) Brunovsky canonical form. Two algo-
rithms are provided which compute the necessary row and column permutation
matrices for this operation.

Second, we have derived both the closure and cover relations for matrix pairs,
from which the stratification is given. In [61, 62], Hinrichsen and O’Halloran
give both the necessary and sufficient conditions for a controllability pair (A, B)
to be in the closure of an orbit of another controllability pair. In Section 6.3,
we give our reformulation and slight modification of their theorem, both for the
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controllability pair (A, B) and the observability pair (A, C). We also derive the
necessary and sufficient cover conditions for the controllability and the observ-
ability pairs. The result was partly presented in July 2004 at the Mathematical
Theory of Networks and Systems (MTNS) conference, Leuven, Belgium [32].

The rest of this paper is organized as follows. In Section 2, we give an intro-
duction to systems and control theory and different types of representation of a
system. In Section 3, we review different canonical forms for matrices, matrix
pencils and system pencils. These are the Jordan canonical form, Kronecker
canonical form and Brunovsky canonical form with generalizations. Especially,
in Section 3.6 we derive the permutation matrices that take a matrix pencil in
Kronecker canonical form to (generalized) Brunovsky canonical form. In Sec-
tion 4.1, we discuss numerical stable methods to compute the canonical structure
information for matrices, matrix pencils and system pencils, using staircase-type
forms. The following and related Section 4.2, considers the controllable and un-
observable subspaces of a system. In Section 5, the geometry of the tangent
and normal spaces of the orbits of matrices, matrix pencils, and system pencils,
are considered. In the main section, Section 6, we present the theory of strati-
fication of matrices, matrix pencils, and matrix pairs. In Section 6.1, we give a
brief introduction to integer partitions and coin moves, which are used to define
the stratification rules. In Section 6.3, the stratification rules for matrices and
matrix pencils are presented and the new stratification rules for matrix pairs
are derived. We end Section 6 with an extensive example illustrating the strat-
ification of a state-space system. In Section 7, we give an overview of existing
software for solving problems arising in systems and control and related areas.
We end with some concluding remarks and review future work in Section 8.
As an appendix we present some important parts of the paper in a compre-
hensive and compact form. In Appendix A, we have summarized the most
common transformations on a state-space system. In Appendix B, the explicit
expressions to compute the codimensions of orbits and bundles are given, and
in Appendix C the stratification rules for matrices, matrix pencils and matrix
pairs. Finally, we have summarized the most important notation used in this
paper in Appendix D.
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2 Background — theory and applications

In this section, we give a short introduction to systems and control theory and
how important control theory problems can be expressed and solved in terms
of linear algebra. We look at different ways to represent control systems and
how mathematical tools can be used to manipulate and extract information
from them. For a more complete description, we refer to introductory as well
as advanced level textbooks on control theory where also the numerical aspects
are discussed, see for example [18, 85, 87, 90, 93, 100].

2.1 State-space systems

In control theory, we usually consider a system S that given an input signal u(t)
(also called control variable) and a state x(t) produces an output signal y(t).

u(t) y(t)S
x(t)

The state and the input and output signals can be composed of several compo-
nents. In that case, they are given as vectors of length n, m and p, respectively,
and when m > 1 and p > 1 S is called a multi-input multi-output (MIMO)
system. Otherwise (when m = p = 1), it is a single-input single-output (SISO)
system. Moreover, the dimension n of x(t) gives the order of the system S.

The classical approach in control theory is to use the transfer function G(λ)1

(a function in the frequency domain) to examine the system S, but from a
numerical point of view it is more convenient and advisable to represent the
system in state-space form (time domain). The state x(t) is in the n-dimensional
state space represented by a vector whose evolution in time gives a corresponding
trajectory, see Figure 1. By examining this trajectory it is possible to see, e.g.,
if the system is stable or converges to a periodic oscillating behavior.

In this paper, we restrict our discussion to linear time-invariant, finite di-
mensional systems (LTI systems). Such a system can be described by a linear
time-invariant model. In continuous time, the system is represented as a state-
space model by a system of the differential equations

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

(2.1)

where A ∈ Cn×n, B ∈ Cn×m, C ∈ Cp×n and D ∈ Cp×m, and ẋ(t) is the
derivative of x with respect to time t, i.e., dx(t)

dt .2 In discrete time, the state-

1In literature on control theory, instead of the symbol λ the complex variable s is often
used in continuous time and the variable z in discrete time.

2In some literature, the operator λ is used to represent the differential operator d
dt

. Con-
sequently, ẋ(t) is then expressed as λx(t).
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x(t0)
x(t1)

State vector trajectory

Figure 1: An example of a three dimensional state space, where x(t0) and
x(t1) are the state-vectors at time t0 and t1, respectively.

space model is given by the difference equations

xk+1 = Axk + Buk,

yk = Cxk + Duk.
(2.2)

In the following, we only discuss the continuous-time case. The corresponding
block diagram of the state-space system (2.1) is given in Figure 2, where A is
the system (state) matrix, B the input (control) matrix, C the output matrix,
and D is the feedforward matrix.

+
+ +

+

A

B C

D

u(t) ẋ(t) x(t) y(t)
R ·dt

Figure 2: Block diagram of a linear time-invariant system in continuous
time.

We also consider the generalized state-space system (or descriptor system)

Eẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

(2.3)

where A and E not necessarily have to be square. In that case, E, A ∈ Cq×n and
B ∈ Cq×m. However, in most cases we assume that q = n and E is nonsingular,
and the generalized state-space system can be transformed into the state-space
form (2.1).
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The state-space system (2.1) is in short form represented by a quadruple of
matrices denoted (A, B, C, D) and the generalized state-space system (2.3) is
represented by the 5-tuple (E, A, B, C, D). We are also interested in subsystems
of (2.1). These are pairs and triples of matrices, denoted (A, B), (A, C) and
(A, B, C), associated with the following equations

ẋ(t) = Ax(t) + Bu(t), (2.4)

ẋ(t) = Ax(t),
y(t) = Cx(t),

(2.5)

and

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t),

(2.6)

respectively. These systems also appear in generalized versions with the matrix
E as in (2.3).

2.2 Pencil representation

The set of matrices of the form A − λB with λ ∈ C corresponds to a general
matrix pencil [43, 54], where the two matrices A and B are of size m × n. If
A and B are square, then (A − λB)v = 0 defines the generalized eigenvalue
problem. The scalars λ and nonzero vectors v which satisfy Av = λBv are
the generalized eigenvalues and their corresponding generalized eigenvectors of
the matrix pencil. Singular matrix pencils, where A and B are rectangular or
det (A − λB) ≡ 0 (for all λ), are considered in Section 3.2.

A system S can also be represented and analyzed in terms of a matrix pencil,
which in this special form is called a system pencil, S(λ). In contrary to a general
matrix pencil, a system pencil emphasize the structure of the system. When we
do not want to make any distinction between a matrix pencil or a system pencil,
we simply denote it a pencil. The associated system pencil for the generalized
state-space system (2.3) is

S(λ) = A − λB =
[
A B
C D

]
− λ

[
E 0
0 0

]
, (2.7)

where A and B are of size (n + p) × (n + m). For the state-space system (2.1)
the associated system pencil is

S(λ) =
[
A B
C D

]
− λ

[
In 0
0 0

]
. (2.8)
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2.3 Controllability and observability

In the case of designing a controller for a system, the concept of controllability
plays an important role. The controllability of a system is defined as follows3.

A linear control system is said to be controllable if there exists an
input signal u(t), t0 ≤ t ≤ tf , that takes every state variable from
an initial state x(t0) to a desired final state x(tf ) in finite time tf .
Otherwise it is said to be uncontrollable.

The classical algebraic approach to determine if a system S is controllable
is to form the controllability matrix and determine its rank. Given the matrix
pair (A, B) of a state-space system with n states, the system is controllable if
the controllability matrix

C(A, B) =
[
B AB A2B · · · An−1B

]
, (2.9)

is of rank n. For a single-input system it is analogous to check if C(A, B) is
nonsingular. This method, however, is not recommended because powers of A
must be computed, which can result in a significant build-up of rounding errors
[84]. Since the controllability properties of the system only depend on the matrix
pair (A, B), it is referred to as the controllability pair with the corresponding
system pencil

SC(λ) =
[
A B

]− λ
[
In 0

]
. (2.10)

Another approach to determine the controllability of a system is to check
if SC(λ) has any eigenvalues. If so, the eigenvalues correspond to the un-
controllable modes of the system. Methods based on such an approach are
however not always reliable, especially if the eigenvalues are sensitive to small
perturbations. A more robust approach is to perform a staircase reduction
of the controllability pair (A, B) to the so called controllability staircase form
[9, 23, 69, 84, 97, 98, 101], see Section 4.1. This method has the advantage that
neither the eigenvalues nor the powers of A have to be computed. Instead, the
rank is revealed directly from the submatrices in the staircase form.

An even more robust method is to compute the distance from a controllable
system to the nearest uncontrollable by converting the rank test to a distance
problem. The problem to determine the distance to uncontrollability has been
studied by several authors, see for example [12, 15, 16, 20, 31, 57, 59, 84].

3For continuous-time systems the concept of reachability coincides with that of controlla-
bility. That is however not the case for discrete-time systems. It would be more appropriate
to always use the term reachability, because that is what normally is meant for both types of
systems. However, we use the term controllability because that is more common. [100]
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The dual concept of controllability is the observability of a system, which is
defined as follows.

A system is said to be observable if it is possible to find the initial
state x(t0) from the input signal u(t) and the output signal y(t)
measured over a finite interval of time t0 ≤ t ≤ tf . Otherwise it is
said to be unobservable.

Given the matrix pair (A, C) the system is observable if the observability
matrix

O(A, C) =

⎡⎢⎢⎢⎣
C

CA
...

CAn−1

⎤⎥⎥⎥⎦ , (2.11)

is of rank n. The matrix pair (A, C) is known as the observability pair with the
corresponding system pencil

SO(λ) =
[
A
C

]
− λ

[
In

0

]
. (2.12)

It follows, if SO(λ) has no eigenvalues the system is observable (the system has
no unobservable modes). As for controllability, a more robust approach is to
perform a reduction of the matrix pair (A, C) to the observability staircase form,
which is the dual form of the controllability staircase form, see Section 4.1.

If the pair (A, B) is controllable and the pair (A, C) is observable, then
the system is said to be minimal (or irreducible). A state-space model that is
reduced to be both controllable and observable is called a minimal realization,
i.e., it has the minimal number of states necessary for representing its complete
behavior. Notably, a system is generically minimal.

Example 1

Consider a SISO system with the state-space model

ẋ(t) =
[
1 −2
0 −3

]
x(t) +

[
0
−8

]
u(t),

y(t) =
[−1 0.5

]
x(t) + u(t).

By computing the ranks of the controllability and observability ma-
trices of the system we get

rank
([

B AB
])

= rank
([

0 16
−8 24

])
= 2,
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and

rank
([

C
CA

])
= rank

([−1 0.5
−1 0.5

])
= 1,

i.e., the system is controllable but not observable (it has one unob-
servable mode).
Since this SISO system has distinct eigenvalues it can be transformed
such that the system matrix becomes diagonal, where each diagonal
element corresponds to a mode of the system:

˙̃x(t) =
[
1 0
0 −3

]
x̃(t) +

[
2
−4

]
u(t),

y(t) =
[−2 0

]
x̃(t) + u(t).

The system can now be represented by the block diagram in Fig-
ure 3. It is easy to see that state x̃1 is both controllable and

u(t)

�
�

�

2

−4

�

�

1
λ − 1

1
λ + 3

�

�

x̃1

x̃2

−2 � ∑ �y(t)

Figure 3: Block diagram of a SISO system of order two with one unobserv-
able mode.

observable but x̃2 is unobservable (we cannot observe the state x̃2

from the output). From the diagonal form of the system matrix
we get the unobservable mode as the one corresponding to the zero
element in the output matrix C̃ =

[−2 0
]
, i.e., the unobservable

mode is −3. If the system has had any uncontrollable mode, the
transformed input matrix B̃ =

[
2 −4

]T would have had at least
one zero element.
By eliminating the unobservable mode we get the minimal realization
of the state-space system given by the following SISO system of order
one:

ẋ(t) = x(t) − 3.578u(t),

y(t) = 1.118x(t) + u(t).
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2.4 Poles, zeros and stability

As we have mentioned earlier, a state-space system can be expressed and ana-
lyzed using its transfer function G(λ). Given the state-space model

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

take the Laplace transform (assuming zero initial condition):

λX(λ) = AX(λ) + BU(λ),
Y (λ) = CX(λ) + DU(λ).

This results in the polynomial model

Y (λ) =
(
C(λI − A)−1B + D

)
U(λ) = G(λ)U(λ), (2.13)

where

G(λ) = C(λI − A)−1B + D, (2.14)

is known as the transfer function. The rational matrix G(λ) can be represented
in polynomial matrix fraction form as

G(λ) = D−1(λ)N(λ), (2.15)

where N(λ) is a polynomial matrix and D(λ) is a non-singular polynomial ma-
trix.

The poles are the roots of the denominator, D(λ), and the zeros are the roots
of the numerator, N(λ). This is an extension of the method for SISO systems
where D(λ) and N(λ) are scalar polynomials and G(λ) is a rational function.
However, for MIMO systems this definition fails when there are coalescing poles
and zeros, e.g., when the state-space model is not a minimal realization. More-
over, it does not give any detailed information about the multiplicity of the poles
and zeros. A more appropriate method is based on computing the eigenvalues
and the generalized eigenvalues.

Theorem 2.1 [37, 90, 109] Let the quadruple (A, B, C, D) be a minimal real-
ization of the transfer function G(λ). Then the poles of G(λ) are the eigenvalues
of the system matrix A and their multiplicities are the length of the correspond-
ing Jordan chains. The zeros of G(λ) are the generalized eigenvalues of the
system pencil

S(λ) =
[
λI − A B
−C D

]
,

and their multiplicities are the length of the corresponding Jordan chains.

Let the system pencil S(λ) be associated with a system S with the control-
lability system pencil SC(λ) and the observability system pencil SO(λ). Then
the following types of zeros are defined for S.
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Definition 2.1 [90] The zeros of SC(λ) are called the input decoupling zeros
of the system S, and the zeros of SO(λ) are called the output decoupling zeros
of the system S. If the system S has no input and no output decoupling zeros,
then the zeros of the system pencil S(λ) are called the transmission zeros of the
system.

We remark that the input decoupling zeros are the uncontrollable modes of
(A, B), and the output decoupling zeros are the unobservable modes of (A, C).
It follows that, if the system is minimal the zeros of S(λ) are transmission zeros.

Knowing the poles we can also analyze the stability of the system S. In the
literature, there exists more than one definition of stability. We have chosen to
use the following one which is also called asymptotic stability. The system

ẋ(t) = Ax(t), x(0) = x0,

is said to be stable if x(t) → 0 as t → ∞ for every x0. An important property
is that the stability of S can be determined from the eigenvalues of the system
matrix.

Theorem 2.2 [87] A system S is stable if and only if all eigenvalues λk of
the system matrix A are in the open left-half of the complex plane:

Re(λk) < 0, k = 1, 2, . . . , n.

Example 2

The corresponding transfer function for the state-space system in
Example 1 is computed from Equation (2.14) as

G(λ) =
[−1 0.5

](
λ

[
1 0
0 1

]
−

[
1 −2
0 −3

])−1 [ 0
−8

]
+ 1 =

λ − 5
λ − 1

.

Since the system is not completely observable the system has a com-
mon pole and zero and the transfer function is of order one less than
the state-space model, i.e., the state-space system is not a minimal
realization. This can also be seen from computing the poles and
zeros directly from the eigenvalues of the state-space model, which
give the poles −3 and 1 and the zeros 5 and −3. From these we get
the transfer function

G(λ) = D−1(λ)N(λ) =
λ2 − 2λ − 15
λ2 + 2λ − 3

=
(λ − 5)(λ + 3)
(λ − 1)(λ + 3)

.

Moreover, the system is not stable because the real part of one of
the poles (eigenvalues) is greater than zero.
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2.5 State-space transformations

To manipulate a system S in the time domain several different types of trans-
formations are used. Here we present some of the more common ones for the
state-space system (2.1) with the system pencil (2.8):

S(λ) =
[
A B
C D

]
− λ

[
In 0
0 0

]
.

For simplicity, we have categorized them after what kind of system they corre-
spond to, namely pairs, triples and quadruples of matrices and their generalized
counterparts. More details are presented in Appendix A. We only consider
structure preserving transformations, that is, transformations that do not de-
stroy or change the special block structure of a system pencil. Moreover, we
only consider the complex case, i.e., matrices with complex entries, but several
of the transformations and conditions in the following also hold for the real case.

For simplicity, we use the notation A ∈ Gln(C) to denote that the complex
matrix A is n × n and nonsingular (where Gln(C) is the linear group of order
n over C). Furthermore, if there exists a nonsingular matrix P such that Ã =
PAP−1, then the matrices A and Ã are said to be similar. Generally, two
matrix pencils A − λB and Ã − λB̃ are strictly equivalent if there exist two
nonsingular matrices U and V such that Ã − λB̃ = U(A − λB)V −1.

Quadruples of matrices

A system pencil S(λ) of a matrix quadruple is said to be Γ-equivalent to S̃(λ)
if there exist a P ∈ Gln(C), T ∈ Glp(C), Q ∈ Glm(C), S ∈ Cn×p and an
R ∈ Cm×n, such that the nonsingular transformation matrices U and V are

U =
[
P S
0 T

]
and V −1 =

[
P−1 0
R Q−1

]
,

and

S̃(λ) = US(λ)V −1,

(e.g., see [64]). The Γ-equivalence for matrix quadruples is a generalization of
the Γ-equivalence for matrix pairs and is the product of six elementary trans-
formations defined for matrix quadruples; they are in order, left multiplication,
state-coordinate, input-coordinate, state-feedback, output-coordinate and output-
injection transformations:

1. (Ã, B̃, C̃, D̃) = (PA, PB, C, D),

2. (Ã, B̃, C̃, D̃) = (AP−1, B, CP−1, D),

3. (Ã, B̃, C̃, D̃) = (A, BQ−1, C, DQ−1),

4. (Ã, B̃, C̃, D̃) = (A + BR, B, C + DR, D),

5. (Ã, B̃, C̃, D̃) = (A, B, TC, TD),

6. (Ã, B̃, C̃, D̃) = (A + SC, B + SD, C, D).

(2.16)
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Taken together, the transformations 1 and 2 form a similarity transformation
of the system matrix A and are sometimes referred to as a general state-space
transformation. This is also one of the most common transformations of a
state-space system.

We can now state the following important property for matrix quadruples.

Proposition 2.3 [64] Two matrix quadruples (A, B, C, D) and (Ã, B̃, C̃, D̃)
are Γ-equivalent if and only if the corresponding system pencils S(λ) and S̃(λ)
are strictly equivalent.

This proposition also holds for Γ-equivalence of all subsystems of (2.8) [52, 64].
Two generalized state-space systems are said to be restricted system equiv-

alent [91] if there exist two matrices P ∈ Glq(C) and Z ∈ Gln(C) such that[
P 0
0 Ip

] [
A − λE B

C D

] [
Z 0
0 Im

]
=

[
P (A − λE)Z PB

CZ D

]
.

where A, E ∈ Cq×n. For a generalized state-space system we now get the
following transformation matrices U and V :

U =
[
P S
0 T

]
and V −1 =

[
Z 0
R Q−1

]
,

where P ∈ Glq(C), T ∈ Glp(C), S ∈ Cq×p, Z ∈ Gln(C), Q ∈ Glm(C) and
R ∈ Cm×n.

Triples of matrices

In the case of matrix triples, we get the same transformation matrices as for
quadruples. The only difference is that we do not have any feedforward matrix
(D = 0).

For generalized matrix triples it is also of interest to apply a derivative-
feedback transformation to the E matrix:[

In 0
0 Ip

] [
A − λE B

C 0

] [
In 0
K Im

]
=

[
A − (λE − BK) B

C 0

]
,

where K ∈ Cm×n.

Pairs of matrices

For the controllability pair (A, B) the transformations 1 to 4 in (2.16) are appli-
cable. Taken together, these transformations define the Γ-equivalence for matrix
pairs:

P
[
A − λI B

] [P−1 0
R Q−1

]
=

[
P (A − λI) P−1 + PBR PBQ−1

]
,
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where P ∈ Gln(C), Q ∈ Glm(C) and R ∈ Cm×n (e.g., see [114]). Other
names that appear in the literature for this equivalence relation are block similar
[52] and action of the state feedback group (feedback equivalence) [39]. This
equivalence transformation can also appear in different forms depending on the
order in which the transformations in (2.16) are applied and the choice of signs
and inverses of the matrices involved. An example is the full feedback group
action, which for example is used in [62] and is given as

P
[
A − λI B

] [ P−1 0
−Q−1RP−1 Q−1

]
.

For the observability pair (A, C) the corresponding transformations are 1–2
and 5–6 in (2.16) which together give the Γ-equivalence for the observability
pair: [

P S
0 T

] [
A − λI

C

]
P−1 =

[
P (A − λI) P−1 + SCP−1

TCP−1

]
,

where P ∈ Gln(C), T ∈ Glp(C) and S ∈ Cn×p.
For generalized matrix pairs (E, A, B), where E, A ∈ Cq×n and B ∈ Cq×m,

the same transformations are defined as for the controllability pair with the
addition of the derivative-feedback transformation:

Iq

[
A − λE B

] [In 0
K Im

]
=

[
A − (λE − BK) B

]
,

where K ∈ Cm×n. All the transformations preserve the structure of (E, A, B),
but when q = n and det (A − λE) 	≡ 0 the state-feedback and derivative-
feedback transformations can destroy the regularity condition det (A − λE) 	≡ 0
[62].

The restricted system equivalence, the input-coordinate and state-feedback
transformations give the proportional feedback transformations, where two sys-
tems are said to be feedback equivalent (e.g., see [63, 78]). This is an extension
of the Γ-equivalence and full feedback group action of (A, B). With the ad-
dition of the derivative-feedback transformation we have the proportional plus
derivative feedback transformations where two systems are called pd-feedback
equivalent (e.g., see [63, 78, 115]). To express the proportional plus derivative
feedback transformations we need to separate the pencil A − λE into their A-
and λE-parts, respectively, and apply a 3 × 3 block matrix from the right. For
consistency, we also express the proportional feedback transformation in the
same form. The proportional feedback transformation is defined as

P
[−λE A B

]⎡⎣Z 0 0
0 Z 0
0 R Q−1

⎤⎦
=

[−λPEZ P (AZ + BR) PBQ−1
]
,
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and the proportional plus derivative feedback transformations is defined as

P
[−λE A B

]⎡⎣Z 0 0
0 Z 0
K R Q−1

⎤⎦
=

[−λPEZ + PBK P (AZ + BR) PBQ−1
]
.

A different type of equivalence transformation is the strong equivalence (e.g.,
see [62, 110]). In contrast to the ordinary direct methods, strong equivalence is
computed by an iterative method. Two generalized matrix pairs (E, A, B) and
(Ẽ, Ã, B̃) are strongly equivalent if they can be transformed into another with
a finite sequence of the following two transformations:

1. Operations of strong equivalence:[
Ã − λẼ B̃

]
= P

[
A − λE B

] [Z X
0 Im

]
=

[
PAZ − λPEZ P (AX + B)

]
,

where E, Ẽ, A, Ã ∈ C
n×n, B, B̃ ∈ C

n×m, P, Z ∈ Gln(C), X ∈ C
n×m and

EX = 0.

2. Trivial augmentation/deflation:

Ẽ =
[
E 0
0 0k×k

]
, Ã =

[
A 0
0 Ik

]
and B̃ =

[
B

0k×m

]
, for some k ∈ N.
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3 Canonical forms and invariants

In linear algebra, it is a well known fact that we can transform a matrix (or
matrix pencil) to different canonical forms in terms of similarity (or equiva-
lence) transformations. We introduce the Schur form and the Jordan canonical
form for matrices (Section 3.1), the Kronecker canonical form for matrix pencils
(Section 3.2), and the Brunovsky canonical form with generalizations for system
pencils (Section 3.5).

We discuss different representations and invariants for matrices, and matrix
pencils in Section 3.3 and Section 3.4. Moreover, in Section 3.6 we prove that
it is possible with two permutation matrices to go from a matrix pencil in
Kronecker canonical form to a corresponding system pencil in (generalized)
Brunovsky canonical form.

3.1 Schur form and Jordan canonical form

For square matrices there exist two fundamental canonical forms, the Schur form
and the Jordan canonical form (JCF) (also called Jordan normal form) [43, 54].
It is often only necessary and appropriate to compute the Schur form, which is
both more numerically stable and less expensive to compute than JCF. To get
the Schur form, in the complex case, we transform a matrix A to a similar upper
triangular matrix such that Ã = QHAQ with Q unitary, where the eigenvalues
show up on the diagonal. In the real case, the matrix Ã is upper quasi-triangular,
i.e., a block upper triangular matrix with 1-by-1 diagonal blocks corresponding
to real eigenvalues and 2-by-2 blocks on the diagonal associated with complex
conjugate pairs of eigenvalues.

But for our purpose the Jordan canonical form is more adequate. For any
matrix A ∈ C

n×n there exists a nonsingular matrix P ∈ C
n×n such that

PAP−1 = Ã = diag(J(μ1), J(μ2), . . . , J(μq)),

and

J(μi) = diag(Jh1(μi), Jh2(μi), . . . , Jhgi
(μi)), h1 ≥ · · · ≥ hgi ≥ 1,

where Jh1(μi), . . . , Jhgi
(μi) are Jordan blocks for matrices of size hj × hj with

eigenvalue μi, and each Jordan block is defined as

Jhj (μi) =

⎡⎢⎢⎢⎢⎣
μi 1

μi
. . .
. . . 1

μi

⎤⎥⎥⎥⎥⎦ ,

where left-out elements are zeros. The block-diagonal matrix Ã is now said to
be in Jordan canonical form with q ≤ n distinct (possibly multiple) eigenvalues.

The algebraic multiplicity ai of the eigenvalue μi is the multiplicity of μi as a
root of the characteristic equation det(A − λI) = 0. The geometric multiplicity
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gi is the number of linearly independent eigenvectors associated with μi. We
remark that ai = h1 + · · ·+hgi and that gi corresponds to the number of Jordan
blocks associated with the eigenvalue μi.

3.2 Kronecker canonical form

For general matrix pencils A − λB of size m×n we use the Kronecker canonical
form (KCF), which is a generalization of JCF to general matrix pencils [43].
Any matrix pencil can be transformed into KCF in terms of an equivalence
transformation with two nonsingular matrices U and V such that

U(A − λB)V −1

= diag(Lε1 , . . . , Lεr0
, Jh1(μ1), . . . , Jhgq

(μq), Ns1 , . . . , Nsg∞ , LT
η1

, . . . , LT
ηl0

).
(3.17)

The blocks Jhj (μi) are hj × hj Jordan blocks for matrix pencils associated with
the finite eigenvalue μi and the blocks Nsj are sj × sj Jordan blocks for matrix
pencils associated with the infinite eigenvalue. Moreover, g∞ is the geometric
multiplicity of the infinite eigenvalue and corresponds to the number of Jordan
blocks for the infinite eigenvalue. These two types of blocks constitute the
regular part of a matrix pencil and are defined by

Jhj (μi) =

⎡⎢⎢⎢⎢⎣
μi 1

. . .
. . .
. . . 1

μi

⎤⎥⎥⎥⎥⎦− λ

⎡⎢⎢⎢⎢⎣
1 0

. . .
. . .
. . . 0

1

⎤⎥⎥⎥⎥⎦ , (3.18)

and

Nsj =

⎡⎢⎢⎢⎢⎣
1 0

. . . . . .
. . . 0

1

⎤⎥⎥⎥⎥⎦− λ

⎡⎢⎢⎢⎢⎣
0 1

. . . . . .
. . . 1

0

⎤⎥⎥⎥⎥⎦ . (3.19)

If m 	= n or det (A − λB) ≡ 0 for all λ ∈ C, then the matrix pencil also includes
a singular part and we say that the matrix pencil is singular. The singular part
of the KCF consists of the r0 right singular blocks Lεi of size εi × (εi + 1) and
the l0 left singular blocks LT

ηi
of size (ηi + 1) × ηi, which are defined by

Lεi =

⎡⎢⎣0 1
. . . . . .

0 1

⎤⎥⎦− λ

⎡⎢⎣1 0
. . . . . .

1 0

⎤⎥⎦ , (3.20)



30 Paper I

and

LT
ηi

=

⎡⎢⎢⎣
0
1

. . .

. . . 0
1

⎤⎥⎥⎦− λ

⎡⎢⎢⎣
1
0

. . .

. . . 1
0

⎤⎥⎥⎦ . (3.21)

An L0 and an LT
0 block are of size 0 × 1 and 1 × 0, respectively, and each of

them contributes to a column or row of zeros (see Example 3).
For consistency reasons, the L blocks always appear before the LT blocks

in the KCF. Apart from that the order of the blocks is arbitrary. Moreover, a
general matrix pencil may only consist of a subset of the different types of canon-
ical blocks mentioned above. For example, a regular pencil (det (A − λB) 	≡ 0,
except when λ is an eigenvalue) only has J and N blocks.

The transformation matrices used to compute the Kronecker canonical form
can be very ill-conditioned, therefore it is more appropriate to compute a gener-
alized Schur-staircase form of the matrix pencil, see Section 4.1. Notably, if the
KCF is computed the elements represented by ones in the blocks Jj(μi), Nj, Lj

and LT
j are most likely not computed as ones, instead we just get them as

nonzero entries. Moreover, the eigenvalues μi are computed as pairs of values
(αi, βi), αi 	= 0 and/or βi 	= 0, for i = 1, . . . , q. If βi 	= 0, for some i, then the
eigenvalue μi = αi/βi, and if αi 	= 0 and βi = 0 then μi is an infinite eigenvalue.
See further in Section 4.1 how the eigenvalues are computed.

3.3 Block structure notation

Both for matrices and matrix pencils we normally use a compact notation, which
we refer to as block structure notation, instead of expressing their canonical
forms in matrix form. In general, a block diagonal matrix A with the blocks
A1, A2, . . . , An can be written as a direct sum

A ≡ A1 ⊕ A2 ⊕ · · · ⊕ An.

Equation (3.17) can now be rewritten as

U(A − λB)V −1 ≡ L ⊕ LT ⊕ J(μ1) ⊕ · · · ⊕ J(μq) ⊕ N,

where

L =
r0⊕

j=1

Lεj , LT =
l0⊕

j=1

LT
ηj

,

N =
g∞⊕
j=1

Nsj , and J(μi) =
gi⊕

j=1

Jhj (μi).

Notably, in the block structure notation we reorder the blocks such that the LT

blocks appear directly after the L blocks.
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Example 3

Consider a matrix pencil with two L1 blocks, one LT
0 block and one

J2(α) block. The KCF of this matrix pencil is in block structure
notation written as 2L1 ⊕LT

0 ⊕ J2(α). The corresponding represen-
tation in matrix form is

A − λB = diag(L1, L1, J2(α), LT
0 )

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1
0 1

α 1
0 α

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
− λ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0
1 0

1 0
0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

−λ 1
−λ 1

α − λ 1

0 α − λ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

3.4 Invariants of matrices and matrix pencils

The matrix pencil characteristics can equivalently be expressed in terms of col-
umn/row minimal indices and finite/infinite elementary divisors. It follows that
two matrix pencils are strictly equivalent if and only if they have the same mini-
mal indices and elementary divisors or, equivalently, if they have the same KCF,
i.e., the same L, LT , J and N blocks [43]. Before defining these invariants, we
introduce some notation that we need.

An integer partition κ = (κ1, κ2, . . .) of an integer K is a monotonically
decreasing sequence of integers (κ1 ≥ κ2 ≥ · · · ≥ 0) where κ1+κ2+· · · = K. The
union τ = (τ1, τ2, . . .) of two integer partitions κ and ν is defined as τ = κ ∪ ν
where τ1 ≥ τ2 ≥ · · · , i.e., τ is composed from all elements of κ and ν in such
order that τ becomes monotonically decreasing. For example, the union of
(5, 4, 4, 1) and (4, 2) is (5, 4, 4, 4, 2, 1). The difference τ of two integer partitions
κ and ν is defined as τ = κ \ ν, where τ includes the elements from κ except
elements existing in both κ and ν, which are removed. Notably, elements in
ν not appearing in κ do not contribute to the difference. For example, the
difference (5, 4, 4, 1) \ (4, 2) is (5, 4, 1). Furthermore, the conjugate partition of
κ is defined as ν = conj(κ), where νi is equal to the number of integers in κ
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that is equal or greater than i, for i = 1, 2, . . .. For example, the conjugate of
(4, 4, 2, 1) is (4, 3, 2, 2).

The normal rank of A − λB, nrk (A − λB), is the order of the matrix pen-
cil’s greatest minor different from polynomial zero [42]. Given the KCF of an
m × n matrix pencil, we have

nrk (A − λB) = n − r0 = m − l0,

where r0 and l0 are the number of right and left singular blocks, respectively.
The null space of an m × n matrix A is denoted by null(A), and is defined by
null(A) = {x ∈ Cn | Ax = 0} [54]. The complementary space to null(AH) is
the range of A, denoted by ran(A), and is defined by ran(A) = {y ∈ Cm | y =
Ax for some x ∈ Cn} [54]. In some literature, the null space and the range of
A are called the the kernel and the image of A, respectively.

The four invariants, column/row minimal indices and finite/infinite elemen-
tary divisors, are defined as follows [43]:

(i) The column (right) minimal indices are ε = (ε1, . . . , εr0), where

ε1 ≥ ε2 ≥ · · · ≥ εr1 > εr1+1 = · · · = εr0 = 0,

define the sizes of the Lεk
blocks, εk × (εk + 1), and r0 = n − nrk (A − λB).

The conjugate partition r = (r1, . . . , rε1 , 0, . . .) defines the r-numbers of the ma-
trix pencil. From these we define the integer partition R(A − λB) = (r0) ∪
(r1, . . . , rε1), which in Section 6 is used to characterize the sizes of the L blocks.
If there are no εk = 0 (i.e., no L0 blocks) it follows that r0 = r1 and
ε = (ε1, . . . , εr1), and if there are no column minimal indices then ε = ∅ and
R(A − λB) = (0, 0, . . .) = (0).

(ii) The row (left) minimal indices are η = (η1, . . . , ηl0), where

η1 ≥ η2 ≥ · · · ≥ ηl1 > ηl1+1 = · · · = ηl0 = 0,

define the sizes of the LT
ηk

blocks, (ηk +1)×ηk, and l0 = m−nrk (A − λB). The
conjugate partition l = (l1, . . . , lη1 , 0, . . .) defines the l-numbers of the matrix
pencil, and analogously to the column minimal indices, we define the integer
partition L(A − λB) = (l0)∪(l1, . . . , lη1), where l0 = l1 if there are no LT

0 blocks.
If there are no left minimal indices it follows that η = ∅ and L(A − λB) = (0).

(iii) The finite elementary divisors are of the form

(λ − μ1)h
(1)
1 , · · · , (λ − μ1)h(1)

g1 , · · · , (λ − μq)h
(q)
1 , · · · , (λ − μq)

h(q)
gq ,

with h
(i)
1 ≥ · · · ≥ h

(i)
gi ≥ 1 for each distinct finite eigenvalue μi, i = 1, . . . , q,

where gi is the geometric multiplicity of the eigenvalue μi. The exponents of
the finite elementary divisors for eigenvalue μi are represented by the integer
partition hμi = (h(i)

1 , . . . , h
(i)
gi , 0, . . .) which is known as the Segre characteristics.

The Segre characteristics correspond to the sizes h
(i)
k ×h

(i)
k of the Jordan blocks

for eigenvalue μi, and also give the order h
(i)
k of the finite zero at μi of the as-

sociated system S. The conjugate partition of hμi , J μi(A − λB) = (j1, j2, . . .),
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is known as the Weyr characteristics of μi. Consequently, we get j1 = gi for
each μi, i = 1, . . . , q. For matrices it follows that j1 = dim(null(A − μiI)),
j1 + j2 = dim(null(A − μiI)2), etc. In other words, j1 is the number of eigen-
vectors of μi and jk corresponds to the number of principal vectors of grade
k ≥ 2. Moreover, the trailing zeros in both hμi and J μi(A − λB) are left out,
except for situations when they are explicitly used.

(iv) The infinite elementary divisors are of the form

ρs1 , ρs2 , . . . , ρsg∞ ,

with s1 ≥ · · · ≥ sg∞ ≥ 1 and where g∞ is the geometric multiplicity of the
infinite eigenvalue. The exponents represented by the integer partition s =
(s1, . . . , sg∞ , 0, . . .) is the Segre characteristics for the infinite eigenvalue, and
correspond to the sizes sk × sk of the Nsk

blocks. The order of the zeros at
infinity of the associated system S is sk − 1 [109], i.e., an infinite elementary
divisor of order one (a simple eigenvalue) makes no contribution to the zeros
at infinity. In the same way as for finite eigenvalues, the conjugate integer
partition N (A − λB) = (n1, n2, . . .) is the Weyr characteristics for the infinite
eigenvalue, and the trailing zeros in s and N (A − λB) are normally left out,
except when needed.

When it is clear from context, we use the abbreviated notation R, L, J ,
and N , for the above defined integer partitions. In the following, these integer
partitions are referred to as structure integer partitions. Moreover, the integer
partitions representing the minimal indices and elementary divisors give the
largest block first, but in block structure notation (see Section 3.3) it is not
unusual that the blocks are given in reverse order, i.e., the smallest block first.
This actually is the same order in which the conjugate partitions R, L, J , and
N are interpreted. For example, the integer partition R = (4, 3, 3, 1) is read
as: there are 4 − 3 = 1 L0 block, 3 − 3 = 0 L1 blocks, 3 − 1 = 2 L2 blocks,
and 1 − 0 = 1 L3 block. The corresponding KCF in block structure notation
would then be L0 ⊕ 2L2 ⊕ L3. However, to be consistent with KCF we use the
decreasing order of the block sizes in this paper.

Example 4

Let us again consider the matrix pencil in Example 3 with KCF
2L1 ⊕ LT

0 ⊕ J2(α).

As defined above, the minimal indices and the elementary divisors
give the sizes of the corresponding blocks. For this matrix pencil
where we have two L blocks of size one the column (right) minimal
indices are ε = (1, 1). Moreover, it has one LT block of size zero and
therefore the row (left) minimal indices are η = (0), and the single
Jordan block of size two corresponds to the Segre characteristics
hα = (2) for the finite eigenvalue α. The matrix pencil has no
infinite eigenvalues and therefore no infinite elementary divisors.
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We can also represent the KCF of the matrix pencil by its structure
integer partitions R, L, J , and N . We start with the right singular
blocks, 2L1. The first integer in R is the number of L blocks of size
zero or greater, the second integer is the number of L blocks of size
one or greater, and so on. This results in

2L1 ⇒ R = (2, 2, 0, . . .),

where the trailing zeros normally are left out.

In the same way, we get the structure integer partitions L, J , and N ,
with the exception that the first element in the integer partitions J
and N represent blocks of size one or greater. Altogether, the integer
partitions representing the canonical structure of the matrix pencil
are:

R = (2, 2),
L = (1), and

J α = (1, 1).

In addition, we also consider the following invariants associated with the
matrix polynomial A − λI corresponding to the n × n matrix A [43, Vol. 1].
Denote by Dk the greatest common divisors of all the minors of order k of the
linear matrix polynomial A − λI. Let D0 = 1 and Dk ≡ 0 if all the minors of
order k of A − λI are zeros. Then the invariant factors of the matrix A are
defined by the polynomials given from the quotients

P1 =
Dn

Dn−1
, P2 =

Dn−1

Dn−2
, . . . , Pn =

D1

D0
= D1. (3.22)

Furthermore, from the decomposition of the invariant factors into irreducible
factors the finite elementary divisors are defined:

Pj =
q∏

i=1

(λ − μi)h
(i)
j , j = 1, . . . , n, (3.23)

where μ1, . . . , μq are distinct eigenvalues and the exponents h
(i)
j are the Segre

characteristics hμi = (h(i)
1 , . . . , h

(i)
gi , 0, . . .). For square matrices it follows that∑

i

∑
j h

(i)
j = n. From (3.22) and (3.23) we can derive the following relation:

Dj = PnPn−1 · · ·Pn+2−jPn+1−j

=
q∏

i=1

(λ − μi)
Pj

k=1 h
(i)
n+1−k , j = 1, . . . , n.

(3.24)

For each finite elementary divisor λ − μi, i = 1, . . . , q, define

d
(i)
j = the multiplicity of λ − μi in Dj,
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where the integer sequence dμi = (d(i)
0 , . . . , d

(i)
n ) is increasing, i.e., d

(i)
j ≤ d

(i)
j+1

for j = 0, . . . , n − 1 [60]. Note that the exponent h
(i)
j is the multiplicity of the

finite elementary divisor λ− μi in Pj and, unlike hμi which has n elements, dμi

has n + 1 elements. Furthermore, d
(i)
0 = 0 and

j∑
k=1

h
(i)
k = d(i)

n − d
(i)
n−j , j = 1, . . . , n, (3.25)

for each eigenvalue μi.

Example 5

Consider a matrix of size 9 × 9 with JCF J4(α) ⊕ 2J2(α) ⊕ J1(β).
The corresponding elementary divisors are

(λ − α)4, (λ − α)2, (λ − α)2, and (λ − β),

and the invariant factors are

P1 = (λ − α)4(λ − β),

P2 = (λ − α)2,

P3 = (λ − α)2, and
P4 = · · · = P9 = 1.

Consequently, the Segre characteristics for the matrix are hα =
(4, 2, 2, 0, 0, 0, 0, 0, 0) and hβ = (1, 0, 0, 0, 0, 0, 0, 0, 0). From (3.24)
we can now derive the greatest common divisors:

D0 = · · · = D6 = 1,

D7 = P9 · · ·P3 = (λ − α)2,

D8 = P9 · · ·P2 = (λ − α)2(λ − α)2, and

D9 = P9 · · ·P1 = (λ − α)2(λ − α)2(λ − α)4(λ − β),

which give the integer sequences dα = (0, 0, 0, 0, 0, 0, 0, 2, 4, 8) and
dβ = (0, 0, 0, 0, 0, 0, 0, 0, 0, 1).

3.5 Brunovsky canonical form and generalizations

When considering canonical forms of the system pencil S(λ) associated with
pairs, triples or quadruples of matrices, we are (mainly) interested in canonical
forms given from structure-preserving transformations, see Section 2.5. One
such example is the Brunovsky canonical form and its generalizations. These
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canonical forms explicitly reveal the system characteristics from the system pen-
cils. This is in contrast to the KCF, which destroys the special block structure
of S(λ) and only implicitly give the system characteristics.

Brunovsky formulated in 1970 a canonical form for completely controllable
matrix pairs [14] (the results where published already in 1966 in a Russian
article). He also derived the r-numbers for a matrix pair (A, B) as4 [14, 58]:

r1 = rank(B),

rj = rank
(
B, AB, . . . , Aj−1B

)− rank
(
B, AB, . . . , Aj−2B

)
, j = 2, . . . , n.

Kalman [72] pointed out that the Brunovsky invariants are equivalent to those
of Kronecker [73] (see Section 3.4). The canonical form defined by Brunovsky
has later been revised to include uncontrollable matrix pairs, see for example
[52, Theorem 6.2.5] and [114, Theorem 2.11].

Given a matrix pair (A, B) associated with the state-space model

ẋ(t) = Ax(t) + Bu(t),

which does not need to be completely controllable, there exists a Γ-equivalent
matrix pair (AB , BB) in Brunovsky canonical form (BCF), such that

P
[
A − λIn B

] [P−1 0
R Q−1

]
=

[
AB − λIn BB

]
, (3.26)

where

AB − λIn = diag(Aε, Aμ) ∈ C
n×n and BB =

[
Bε

0

]
∈ C

n×m. (3.27)

The matrix pair (Aε, Bε) is controllable and the regular pencil Aμ consists of
the uncontrollable modes. Moreover, the column minimal indices of (Aε, Bε)
are known as the controllability indices of (A, B).

The dual form of BCF for the matrix pair (A, C) is

[
P S
0 T

] [
A − λIn

C

]
P−1 =

[
AB − λIn

CB

]
=

⎡⎣ Aη 0
0 Aμ

Cη 0

⎤⎦ , (3.28)

where (Aη, Cη) is observable and Aμ is regular and consists of the unobservable
modes. The row minimal indices of (Aη, Cη) are known as the observability
indices of (A, C).

4The l-numbers of the matrix pair (A, C) can similarly be determined from its observability
matrix.
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The BCF of a matrix pair is a special case of a more general canonical form
proposed independently by Morse [82] for matrix triples and Thorp [95] for
matrix quadruples. This canonical from is defined as follows.

Let (A, B, C, D) be a matrix quadruple associated with the state-space
model

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t).

Moreover, let S(λ) be the associated system pencil with the following invariants:

• The column minimal indices (ε1, . . . , εr1 , εr1+1 . . . , εr0).

• The row minimal indices (η1, . . . , ηl1 , ηl1+1 . . . , ηl0).

• The Segre characteristics (h(i)
1 , . . . , h

(i)
gi ) for the finite eigenvalue μi, i =

1, . . . , q (the exponents of the finite elementary divisors).

• The Segre characteristics (s1, . . . , sg∞) for the infinite eigenvalue (the ex-
ponents of the infinite elementary divisors). Let δi = si − 1, such that
δ1 ≥ · · · ≥ δt > δt+1 = · · · = δg∞ = 0.

Alternatively, the system pencil S(λ) can be expressed in terms of the structure
integer partitions R, L, J and N associated with the invariants above.

Now, there exists a Γ-equivalence transformation of S(λ) such that

[
P S
0 T

] [
A − λIn B

C D

] [
P−1 0
R Q−1

]
=

[
AB − λIn BB

CB DB

]
, (3.29)

where (AB , BB, CB, DB) is in generalized Brunovsky canonical form (GBCF)
[64, 81, 82, 95], defined by

⎡⎢⎢⎢⎢⎢⎢⎣
AB − λIn BB

CB DB

⎤⎥⎥⎥⎥⎥⎥⎦ =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

Aε 0 0 0 Bε 0 0
0 Aη 0 0 0 0 0
0 0 A∞ 0 0 B∞ 0
0 0 0 Aμ 0 0 0
0 Cη 0 0 0 0 0
0 0 C∞ 0 0 0 0
0 0 0 0 0 0 D∞

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
=
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=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Jε1(0)
. . .

Jεr1
(0)

0 0 0
eε1

. . .

eεr0

0 0

0
JT

η1
(0)
. . .

JT
ηl1

(0)

0 0 0 0 0

0 0
JT

δ1
(0)
. . .

JT
δt

(0)

0 0
fδ1

. . .

fδt

0

0 0 0
J(μ1)

. . .

J(μq)
0 0 0

0

eT
η1 . . .

eT
ηl0

0 0 0 0 0

0 0
eT
δ1 . . .

eT
δt

0 0 0 0

0 0 0 0 0 0 Ig∞−t

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

where the Jordan blocks are defined as in (3.18),

ei =

⎡⎢⎢⎢⎣
0
...
0
1

⎤⎥⎥⎥⎦ ∈ C
i×1 and fi =

⎡⎢⎢⎢⎣
1
0
...
0

⎤⎥⎥⎥⎦ ∈ C
i×1.

In the GBCF, the matrix pair (Aε, Bε) is controllable and corresponds to the
L blocks in the KCF of S(λ). Similarly, the matrix pair (Aη, Cη) is observable
and corresponds to the LT blocks. Moreover, the matrix Aμ corresponds to
all Jordan blocks of the finite eigenvalues, where each block J(μi) in Aμ is
block diagonal with the Jordan blocks for the specified finite eigenvalue μi. The
matrix D∞ gives the N1 blocks and the remaining parts form the Ni blocks,
i ≥ 2, which are given by [

A∞ B∞
C∞ 0

]
.

Furthermore, the number of columns in Bε corresponds to the number of L
blocks, likewise, the number of rows in Cη corresponds to the number of LT
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blocks, and the number of columns in B∞ or rows in C∞ is the number of N
blocks of size greater than one. We remark that the vectors eεr1+1 , . . . , eεr0

are
0× 1 and correspond to the L0 blocks, and the vectors eT

ηl1+1
, . . . , eT

ηl0
are 1× 0

and correspond to the LT
0 blocks.

A matrix triple is a special case of a matrix quadruple, where D in (3.29)
is the zero matrix [64, 82]. It follows that a matrix triple can have no infinite
elementary divisors of order one, i.e., no N1 blocks. Apart from this restriction,
the invariants and the GBCF are the same as for matrix quadruples.

As said in the beginning of this section, it follows that the BCF for a matrix
pair (A, B) (and (A, C)) is a subset of GBCF. The BCF for (A, B) only includes
the blocks Aε, Aμ and Bε. Similarly, the BCF for (A, C) only includes the
blocks Aη, Aμ and Cη. A consequence is that matrix pairs cannot have infinite
eigenvalues. Moreover, the controllability pair (A, B) has exactly m L blocks
and the observability pair (A, C) has p LT blocks. This can be verified given
the fact that the controllability system pencil

SC(λ) =
[
A B

]− λ
[
In 0

]
has full row rank, i.e., the system pencil can have no left singular blocks (LT

blocks), and the number of columns in Bε is equal to m. Similarly, the observ-
ability system pencil

SO(λ) =
[
A
C

]
− λ

[
In

0

]
has full column rank and therefore has no right singular blocks (L blocks),
and the number of rows in Cη is equal to p. Similarly, it follows from SC(λ)
and SO(λ) that (A, B) and (A, C), respectively, can have no Jordan blocks for
infinite eigenvalues (N blocks).

Furthermore, given the controllability pair (A, B) in BCF, SC(λ) =
[AB BB] − λ [In 0]. Then the number of L0 blocks is m − rank(BB), and if
rank(SC(λ)) < n for some λ ∈ C then (A, B) is uncontrollable and the un-
controllable modes are given from the diagonal elements of AB (those in the
submatrix Aμ). Similarly, given (A, C) in BCF, SO(λ) =

[
AT

B CT
B

]T −λ [In 0]T ,
there are p − rank(CB) LT

0 blocks and if rank(SO(λ)) < n for some λ ∈ C then
(A, C) is unobservable and the unobservable modes are given from the diagonal
elements of AB (those in the submatrix Aμ).

Example 6

To exemplify the Brunovsky canonical form and its generalization
we consider a state-space system with two states, three inputs and
one output:

ẋ(t) =
[

0 0
−3 0

]
x(t) +

[
3 10 1

0.6 2 0.2

]
u(t),

y(t) =
[
0.6 γ

]
x(t),

(3.30)
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where γ > 0. The system has the KCF 2L0 ⊕ J1(α) ⊕ N2 with the
corresponding GBCF

S(λ) =

⎡⎣ −λ 0 0 0 1
0 α − λ 0 0 0
1 0 0 0 0

⎤⎦ ,

where the finite eigenvalue α depends on the value of γ.

By inspecting the subsystems SC(λ) and SO(λ) of S(λ), we can de-
rive the controllability and observability characteristics of the sys-
tem. The controllability pair in BCF is

SC(λ) =
[

0 1 0 0 0
0 0 1 0 0

]
− λ

[
1 0 0 0 0
0 1 0 0 0

]
,

and has the KCF L2 ⊕ 2L0, so the system is controllable. The
observability pair in BCF is

SO(λ) =

⎡⎣ 0 0
1 0
0 1

⎤⎦− λ

⎡⎣ 1 0
0 1
0 0

⎤⎦ ,

and has the KCF LT
2 , i.e., the system is also observable. Here we

could be satisfied with knowing that the system is both controllable
and observable. However, if we look at the system pencil of the
observability pair

SO(λ) =

⎡⎣ 0 0
−3 0
0.6 γ

⎤⎦− λ

⎡⎣ 1 0
0 1
0 0

⎤⎦ ,

we can see that the observability depends on the value of γ. As long
as γ > 0 the system is observable, but when γ → 0 the observability
pencil becomes closer and closer to being unobservable. Finally,
when γ reaches zero the KCF of the observability pencil is LT

1 ⊕J1(0)
with BCF

SO(λ) =

⎡⎣ 0 0
0 0
1 0

⎤⎦− λ

⎡⎣ 1 0
0 1
0 0

⎤⎦ ,

which corresponds to an unobservable system with one unobservable
mode at zero.

Even if the computed canonical structure is observable the original
system may be unobservable or close to, since a zero element (e.g.,
γ in the above example) can become nonzero because of roundoff
errors in the numerical methods or noise in the data. This is the
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reason why it is important to know the distance to the closest unob-
servable system (or uncontrollable system), or even better, to know
all possible canonical structures which can be reached by a small
perturbation and the distance to each of them.

3.6 Relation between KCF and GBCF

If we compare the KCF (3.17) and the GBCF (3.29) associated with the same
system, we see that the two canonical forms are closely related to each other
[72, 82, 95]. More precisely they are permutations of each other. From a general
matrix pencil A − λB of size m × n in KCF the corresponding system pencil
S − λT in GBCF can be computed as Prow(A − λB)Pcol = S − λT, where
Prow and Pcol are permutation matrices of rows and columns, respectively (the
identity matrix of conforming size with its rows or columns reordered). To get
exactly the same form of S − λT as in (3.29), the blocks in the KCF of the
matrix pencil A − λB must be ordered as (compare with (3.17)):

A − λB

= diag(Lε1 , . . . , Lεr0
, LT

η1
, . . . , LT

ηl0
, Ns1 , . . . , Nsg∞ , Jh1(μ1), . . . , Jhgq

(μq)).
(3.31)

The following two algorithms determine permutation matrices Prow and Pcol

such that Prow(A − λB)Pcol is in GBCF, where A − λB is assumed to be in
the form (3.31).

Algorithm 1

The row-permutation matrix Prow is derived from A − λB (m× n)
in the form (3.31) with the following steps:

1. Create a matrix Arow of size m × n, with the elements corre-
sponding to nonzero elements in A set to one and the rest to
zero.

2. Create a matrix Brow of size m × n, with the elements corre-
sponding to nonzero elements in B set to one and the rest to
zero.

3. Set all rows of Arow to zero where the corresponding rows in
Brow have a nonzero entry.

4. Let a and b be the number of columns in Arow and Brow, respec-
tively, with only zero entries. Remove these zero columns such
that Arow becomes m× (n− a) and Brow becomes m× (n− b).

5. Set Prow =
[

BT
row

Qrow

AT
row

]
, where Prow is m×m, and Qrow is (m−2n+

a + b) × m and chosen such that Prow becomes a permutation
matrix.
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Algorithm 2

The column-permutation matrix Pcol is derived from A − λB (m×
n) in the form (3.31) with the following steps:

1. Create a matrix Acol of size m × n, with the elements corre-
sponding to nonzero elements in A set to one and the rest to
zero.

2. Create a matrix Bcol of size m × n, with the elements corre-
sponding to nonzero elements in B set to one and the rest to
zero.

3. Set all columns of Acol to zero where the corresponding columns
in Bcol have a nonzero entry.

4. Let c and d be the number of rows in Acol and Bcol, respectively,
with only zero entries. Remove these zero rows such that Acol

becomes (m − c) × n and Bcol becomes (m − d) × n.

5. Set Pcol = [ BT
col Qcol AT

col ], where Pcol is n × n, and Qcol is
n × (n − 2m + c + d) and chosen such that Pcol becomes a
permutation matrix.

The matrices Qrow and Qcol can be chosen as zero matrices, since the 1’s added
in this step have no relevance for the permutation from KCF to GBCF (they
correspond to permutations of rows or columns of zeros and are included only
to make Prow and Pcol permutation matrices). In step 4 of both algorithms, the
dimensions n − b and m − d, respectively, are equal to the number of states of
the system. Furthermore, for the controllability pair (A, B), Prow = Im, and
for the observability pair (A, C), Pcol = In.

Until now the dimensions m and n have represented the row and column
dimensions of the matrix pencil A − λB, however, in the rest of this section
these dimensions are referred to as mKCF and nKCF. Instead, the dimensions
n, m and p represent the dimensions of the resulting (n + p) × (n + m) system
pencil S − λT, where mKCF = n + p and nKCF = n + m. This exchange is
done to simplify the following proofs of Algorithm 1 and Algorithm 2, where we
mainly consider the dimensions of the resulting system pencil in GBCF.

Proof of Algorithm 1. Let the mKCF×nKCF matrix pencil A − λB be in
KCF with the block-order of (3.31) and with the corresponding (n+p)×(n+m)
system pencil

S − λT =
[
A B
C D

]
− λ

[
In 0
0 0

]
,

in GBCF, where mKCF = n + p and nKCF = n + m. Note that A − λB
and S − λT are associated with the same system and therefore have the same
number of states, i.e., the same number of nonzero columns in B and T, re-
spectively. First consider the case when, in addition to the eigenvalues, A − λB
and S − λT only have entries of ones and zeros.
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We want to show that Prow(A − λB)Pcol = S − λT, i.e.,

ProwAPcol = S, (3.32)

and

ProwBPcol = T, (3.33)

where Prow is the (n + p) × (n + p) row-permutation matrix constructed with
Algorithm 1, and Pcol is an (n + m)× (n + m) column-permutation matrix. We
first consider (3.33) in part 1 and then (3.32) in part 2.

Part 1: Rewrite (3.33) as

BPcol = PT
rowT, (3.34)

and let PT
row be partitioned as

PT
row =

[
UT

row LT
row

]
, (3.35)

where UT
row is (n + p) × n and LT

row is (n + p) × p. From the structure of T it
follows that the row-permutation elements in PT

row acting on T in (3.34) must
all be in UT

row, and we only need to consider the subproblem

BPcol =
[
UT

row 0(n+p)×p

] [ In 0n×m

0p×n 0p×m

]
=

[
UT

row 0(n+p)×m

]
.

Take Pcol such that all m zero columns in B are moved to the trailing columns,
i.e.,

BPcol =
[
B̃ 0(n+p)×m

]
=

[
UT

row 0(n+p)×m

]
, (3.36)

where B̃ still has the same order of the nonzero columns as B (if m = 0 then
B̃ = B). From (3.35) and (3.36) we now get that

Prow =

[
B̃

T

Lrow

]
.

If Prow is taken as above with Lrow as the zero matrix, then (3.33) is equal up
to a column permutation (regardless of what Pcol is). If p = 0, i.e., A − λB
corresponds to a controllability pair (A, B), the proof of Algorithm 1 for Prow is
complete (Lrow is then 0× n). Moreover, since the order of the L and J blocks

are the same in the KCF and the GBCF it follows that Prow = B̃
T

= In. If
p > 0, then continue with part 2. We remark that the above B̃ is identical to
Brow after step 4 in Algorithm 1.

Part 2: Now we consider the remaining part, Lrow, of Prow. Equation (3.32)
is equal to

ProwAPcol =
[
Urow

Lrow

]
APcol = S. (3.37)
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Consequently, where Urow has an nonzero column the corresponding column in
Lrow must be zero, i.e., they cannot affect the same rows in A. Let Pcol = In+m

and split A into A1 and A2 such that A = A1 + A2, where A1 consists of the
rows corresponding to nonzero columns in Urow (same as the nonzero rows in
B) and A2 consists of the rows corresponding to zero columns in Urow. Note
that all eigenvalues will be in A1. The problem can now be rewritten as[

Urow

0

]
A1 +

[
0

Lrow

]
A2 =

[
S1

S2

]
.

Since Urow was determined in (3.36), we only need to consider the subproblem

LrowA2 = S2.

Let an (n+p)×q matrix Ã2 consist of only the q nonzero columns of A2 (given
in the same order). It follows that q ≤ p. Take

Lrow =

[
0

Ã
T

2

]
, (3.38)

then LrowA2 moves all nonzero rows in A2 to the last q rows. The p − q rows
of zeros above Ã

T

2 in Lrow correspond to permutations of LT
0 blocks, i.e., rows

of zeros in A for which there are no need to determine explicit permutations.
Since the order of the blocks in (3.31) are the same as in GBCF, it follows that
if Lrow is chosen as in (3.38) and Urow as in step 1 then (3.37) is equal up to a
column permutation (which is determined by Algorithm 2). Notably, the matrix
Ã2 in (3.38) is identical to Arow after step 4 in Algorithm 1, and the rows of
zeros above correspond to Qrow in step 5.

For the general case where A and B can have elements with values other
than one or zero (additionally to the eigenvalues), we take Brow ≡ B̃ and
Arow ≡ Ã2 where the corresponding elements in Brow and Arow are set to one
when B̃ and Ã2 have a nonzero element, respectively. Let

Prow =

⎡⎣BT
row

Qrow

AT
row

⎤⎦ ,

where Qrow is chosen such that Prow becomes a permutation matrix. Then
Prow(A − λB)In+m is equal to S − λT up to a column permutation, which is
determined by Pcol in Algorithm 2. �

Proof of Algorithm 2. The proof of Algorithm 2 is analogous to that of
Algorithm 1. �

Example 7

A Matlab function kcf2gbcf has been developed that given the KCF
of a matrix pencil returns the GBCF and the permutation matrices
which transform the matrix pencil in KCF (3.31) to GBCF.
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Consider the 5 × 6 general matrix pencil given in Example 3 with
KCF 2L1 ⊕LT

0 ⊕ J2(α), where the blocks have been reordered as in
(3.31):

A − λB =

⎡⎢⎢⎢⎢⎣
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 α 1
0 0 0 0 0 α

⎤⎥⎥⎥⎥⎦− λ

⎡⎢⎢⎢⎢⎣
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎦ .

Let α = −5. Then the output from the Matlab function is:

>> [S,T,Prow,Pcol] = kcf2gbcf(A,B)

S =

0 0 0 0 1 0

0 0 0 0 0 1

0 0 -5 1 0 0

0 0 0 -5 0 0

0 0 0 0 0 0

T =

1 0 0 0 0 0

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

Prow =

1 0 0 0 0

0 1 0 0 0

0 0 0 1 0

0 0 0 0 1

0 0 1 0 0

Pcol =

1 0 0 0 0 0

0 0 0 0 1 0

0 1 0 0 0 0

0 0 0 0 0 1

0 0 1 0 0 0

0 0 0 1 0 0

We now show step by step how the permutation matrices Prow and
Pcol are constructed using Algorithms 1 and 2, respectively, where
we begin with Algorithm 1.
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First we construct the matrices Arow and Brow from A and B,
respectively (step 1 and 2):

Arow =

⎡⎢⎢⎢⎢⎣
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 1 1
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎦ , and (3.39)

Brow =

⎡⎢⎢⎢⎢⎣
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎦ . (3.40)

The third step is to set all rows of Arow to zero where the corre-
sponding rows in Brow have a nonzero entry. For our example, all
nonzero rows of Arow are set to zero and Arow becomes a zero ma-
trix. Then, we remove all columns in Arow and Brow that only have
entries of zeros:

Arow = 5 × 0 empty matrix, and

Brow =

⎡⎢⎢⎢⎢⎣
1 0 0 0
0 1 0 0
0 0 0 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎥⎥⎦ .

The final Prow is constructed as:

Prow =

⎡⎣BT
row

Qrow

AT
row

⎤⎦ =

⎡⎢⎢⎢⎢⎣
1 0 0 0 0
0 1 0 0 0
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0

⎤⎥⎥⎥⎥⎦ ,

where the last row is Qrow. If we set Qrow =
[
0 0 1 0 0

]
then

Prow becomes a permutation matrix.

The next step is to construct the column-permutation matrix Pcol

using Algorithm 2. This is done by first constructing the matrices
Acol and Bcol, which are equal to Arow and Brow given in (3.39) and
(3.40), respectively. Then set all columns of Acol to zero where the
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corresponding columns in Bcol have a nonzero entry:

Acol =

⎡⎢⎢⎢⎢⎣
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

⎤⎥⎥⎥⎥⎦ .

Continue by removing all rows of zeros in Acol and Bcol, which give

Acol =
[
0 1 0 0 0 0
0 0 0 1 0 0

]
, and

Bcol =

⎡⎢⎢⎣
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎦ .

The resulting Pcol is

Pcol =
[
BT

col Qcol AT
col

]
=

⎡⎢⎢⎢⎢⎢⎢⎣
1 0 0 0 0 0
0 0 0 0 1 0
0 1 0 0 0 0
0 0 0 0 0 1
0 0 1 0 0 0
0 0 0 1 0 0

⎤⎥⎥⎥⎥⎥⎥⎦ ,

where Qcol is an empty matrix (6 × 0).

Finally, multiplying A − λB with Prow and Pcol transform the ma-
trix pencil in KCF to the corresponding system pencil in GBCF:

Prow

⎛⎜⎜⎜⎜⎝
⎡⎢⎢⎢⎢⎣
0 1 0 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0
0 0 0 0 α 1
0 0 0 0 0 α

⎤⎥⎥⎥⎥⎦− λ

⎡⎢⎢⎢⎢⎣
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 0 0
0 0 0 0 1 0
0 0 0 0 0 1

⎤⎥⎥⎥⎥⎦
⎞⎟⎟⎟⎟⎠Pcol

=

⎡⎢⎢⎢⎢⎣
0 0 0 0 1 0
0 0 0 0 0 1
0 0 α 1 0 0
0 0 0 α 0 0
0 0 0 0 0 0

⎤⎥⎥⎥⎥⎦− λ

⎡⎢⎢⎢⎢⎣
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 0
0 0 0 0 0 0

⎤⎥⎥⎥⎥⎦ .
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4 Computing canonical structure information

In this section, we briefly discuss numerically stable methods to compute the
canonical structure information of a matrix, matrix pencil or a system pencil.
These methods transform the matrix or pencil to a so called staircase form
(Section 4.1) from which we can extract the canonical structure information.
However, in theoretical analyses we use the canonical forms (e.g., those con-
sidered in Section 3 like JCF, KCF and GBCF) because they describe the fine
structure (canonical) elements of the given matrix, matrix pencil, or system
pencil.

In Section 4.2, we consider the controllable and unobservable subspaces of
matrix pencils and system pencils and how to compute them robustly. We also
review how these subspaces directly are given from the BCF of a matrix pair.

4.1 Staircase-type forms

The computation of a canonical form like JCF, KCF, or GBCF is, in general, not
a numerically stable process, because the transformation matrices that reduce,
for example, a matrix to Jordan canonical form can be arbitrary ill-conditioned.
Therefore it is not appropriate to use such canonical forms in practice. Instead
we use so called staircase-type forms from which we can retrieve the same canoni-
cal structure information as from the canonical forms, by only using orthogonal
(unitary) transformation matrices and backward stable algorithms. An algo-
rithm is backward stable [112] when it computes the exact canonical structure
of a nearby (slightly perturbed) matrix or pencil. Without going into any algo-
rithmic details, we here present some of the staircase-type forms. More details
of the different methods are given in [5, 69, 101].

The staircase method was first introduced for matrices by Kublanovskaya
in 1966 [74]. The resulting staircase form is called a Jordan-Schur form. The
basic idea is to compute the null spaces of (A − μI)j for j = 1, 2, . . ., for each
eigenvalue μ of A, using unitary similarity transformations without explicitly
computing the matrix powers (A−μI)j . In [74], a normalized RQ factorization
is used for rank decisions, and methods using the singular value decomposition
(SVD) have later been developed [53, 70, 71, 92]. In addition to the Schur form
(described in Section 3.1), the Jordan-Schur form gives detailed information of
the Jordan structure of the matrix. For example, given a matrix A with one
eigenvalue μ of multiplicity n, then B = A − μIn is nilpotent and has the only
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eigenvalue 0. Suppose the computed Jordan-Schur form for the matrix B is

m1︷ ︸︸ ︷ m2︷ ︸︸ ︷ m3︷ ︸︸ ︷⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 x x x x
0 0 x x x x

0 x x x x
0 0 x x

0 x x
0 0

0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Then the dimensions m1, m2 and m3 give the Weyr characteristics of B for the
eigenvalue 0, J 0 = (3, 2, 2). This corresponds to the JCF J3(0)⊕ J3(0)⊕ J1(0),
and it follows that the matrix A has the JCF J3(μ) ⊕ J3(μ) ⊕ J1(μ).

The staircase form for (singular) matrix pencils is called the generalized
Schur-staircase form, which is the orthogonal counterpart of KCF. Other names
used are Kronecker-Schur form and GUPTRI form (Generalized UPer TRIan-
gular form) [24, 25]. The generalization of the staircase form for matrices to
singular matrix pencils was done by Van Dooren [97, 99] using unitary equiv-
alence transformations. This method has later been refined by a number of
authors [4, 24, 25, 22, 75, 76, 68].

For example, an m × n singular matrix pencil A − λB can be transformed
into the GUPTRI form [24, 25, 69]:

U(A − λB)V H =

⎡⎣Ar − λBr ∗ ∗
0 Areg − λBreg ∗
0 0 Al − λBl

⎤⎦ , (4.41)

where U (m × m) and V (n × n) are unitary matrices and ∗ denotes arbitrary
conforming submatrices. The rectangular block upper triangular Ar − λBr and
Al − λBl give the right and left singular structures of the matrix pencil, respec-
tively. The remaining square upper triangular Areg − λBreg is regular and
contains all the finite and infinite eigenvalues of A − λB. Furthermore, the
regular part Areg − λBreg is in the staircase form:

Areg =

⎡⎣Az ∗ ∗
0 Af ∗
0 0 Ai

⎤⎦ , Breg =

⎡⎣Bz ∗ ∗
0 Bf ∗
0 0 Bi

⎤⎦ ,

where Az−λBz and Ai−λBi reveal the Jordan structures of the zero and infinite
eigenvalues, and Af − λBf , in generalized Schur form, includes the finite but
nonzero eigenvalues.

As we have touched upon in the end of Section 3.2, the eigenvalues μi are
computed as pairs of values, denoted by (αi, βi). If αi 	= 0 and βi 	= 0 then
μi is the finite nonzero eigenvalue μi = αi/βi, if αi = 0 and βi 	= 0 then μi is
a zero eigenvalue, and if αi 	= 0 and βi = 0 then μi is an infinite eigenvalue.
Notably, αi = βi = 0 does not correspond to an eigenvalue, instead it belongs
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to the singular part of the matrix pencil. In the complex case of the GUPTRI
form, the pairs of values (αi, βi) are given from the two corresponding diagonal
elements of Areg and Breg:

Areg =

⎡⎣. . . ∗
αi

0
. . .

⎤⎦ , and Breg =

⎡⎣. . . ∗
βi

0
. . .

⎤⎦ .

Consequently, the diagonal elements of Af , Ai, Bz and Bf are nonzero, and
those of Az and Bi are zero.

The use of staircase-type forms or other types of condensed forms has a num-
ber of applications in systems and control theory, such as the computation of
controllability, observability, minimality of state-space models, Kronecker struc-
tures, poles and zeros. To compute the Kronecker structure of a system pencil
one of the staircase algorithms for matrix pencils can be used, but there exist
efficient algorithms that exploit the special structure of a system pencil (e.g., see
[23, 80, 83, 98, 105]). To get a system pencil in a staircase form, the permuted
system pencil

S̃(λ) =
[
B A − λE
D C

]
, (4.42)

is usually considered. In the following, we take a closer look at staircase-type
forms for the controllability pair (A, B), the observability pair (A, C) and the
generalized state-space system (E, A, B, C, D).

Instead of computing the BCF of the controllability pair (A, B), the n ×
(n + m) matrix pair is transformed into the so called controllability staircase
form (block version of the controller-Hessenberg form) [9, 23, 84, 98, 101]. This
is done using a unitary matrix U (n × n), such that

U
[

B A − λIn

] [Im 0
0 UH

]

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

X1 A1,1 ∗ · · · ∗ ∗
0 X2 A2,2

...
...

...
. . . . . . . . .

...
...

...
. . . Xε1 Aε1,ε1 ∗

0 · · · · · · 0 0 Areg

⎤⎥⎥⎥⎥⎥⎥⎥⎦
− λ

[
0 In

]
,

(4.43)

where the matrices Ai,i, i = 1, . . . , ε1, are of size ri × ri. The matrices Xi,
i = 1, . . . , ε1, are of size ri × ri−1 with full row rank ri, where r0 = m. The sizes
ri form the integer partition R(A, B) = (r0, r1, . . . , rε1), where the conjugate
of (r1, . . . , rε1) defines the controllability indices of (A, B). The matrix Areg

is regular and consists of the finite elementary divisors, i.e., the uncontrollable
modes of (A, B).
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The dual form is the observability staircase form (block version of the observer-
Hessenberg form) for the (n+p)×n observability pair (A, C) [9, 23, 84, 98, 101]:

[
U 0
0 Ip

] [
A − λIn

C

]
UH

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

Areg ∗ · · · · · · ∗
0 Aη1,η1 · · · · · · ∗
0 Yη1

. . .
...

...
. . . . . . A2,2 ∗

...
. . . Y2 A1,1

0 · · · · · · 0 Y1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
− λ

[
In

0

]
,

(4.44)

where the matrices Ai,i, i = 1, . . . , η1, are of size li × li. The matrices Yi,
i = 1, . . . , η1, are of size li × li−1 with full column rank li, where l0 = p. The
sizes li form the integer partition L(A, C) = (l0, l1, . . . , lη1), where the conjugate
of (l1, . . . , lη1) defines the observability indices of (A, C). The matrix Areg is
regular and consists of the unobservable modes of (A, C).

There also exist staircase counterparts for the GBCF of a system pencil. The
system pencil S̃(λ) in (4.42) associated with a generalized state-space system
(E, A, B, C, D) can be transformed into the staircase Kronecker-like form [104,
105] (or a similar staircase form) using orthogonal matrices Q and Z, such that

QS(λ)Z =

⎡⎢⎢⎢⎢⎢⎢⎣

Br Ar − λEr ∗ ∗ ∗ ∗
0 0 A∞ − λE∞ ∗ ∗ ∗
0 0 0 Di ∗ ∗
0 0 0 0 Af − λEf ∗
0 0 0 0 0 Al − λEl

0 0 0 0 0 Cl

⎤⎥⎥⎥⎥⎥⎥⎦ .

(4.45)

The generalized matrix pair (Er , Ar, Br) is controllable, and the system pencil
[Br Ar − λEr] is in controllability staircase form and gives the right (column)
minimal indices. The matrix Er is invertible and upper-triangular and Ar −
λEr has full row-rank. Similarly, the generalized matrix pair (El, Al, Cl) is
observable, and the system pencil

[
Al−λEl

Cl

]
is in observable staircase form and

gives the left (row) minimal indices. The matrix El is invertible and upper-
triangular and Al − λEl has full column-rank.

Together the regular matrix pencil A∞−λE∞ and the matrix Di give the in-
finite elementary divisors, where A∞ and Di are invertible and upper-triangular,
and E∞ is nilpotent and upper-triangular. The matrix pencil Af − λEf gives
the finite elementary divisors, where Ef is invertible and upper-triangular.
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Example 8

We consider the state-space system (3.30) in Example 6 for γ = 0:

[
B A − λIn

D C

]
=

⎡⎣ 3 10 1 −λ 0
0.6 2 0.2 −3 −λ
0 0 0 0.6 0

⎤⎦ .

The controllability staircase form is computed as (rounded to four
decimals)

[−0.9806 −0.1961
−0.1961 0.9806

] [
3 10 1 0 0

0.6 2 0.2 −3 0

]⎡⎢⎢⎢⎢⎣
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 −0.9806 −0.1961
0 0 0 −0.1961 0.9806

⎤⎥⎥⎥⎥⎦
=

[ −3.0594 −10.1980 −1.0198 −0.5769 −0.1154
0 0 0 2.8846 0.5769

]

≡
[

X1 ∗ ∗
0 X2 ∗

]
.

We can now derive the Kronecker structure in the following way:
r1 = rank(X1) = 1, r2 = rank(X2) = 1, and the system has 3 inputs;
therefore r0 = 3. There exists no regular part (Areg is absent) so the
controllability pair has R(A, B) = (3, 1, 1), i.e., the KCF L2 ⊕ 2L0.

Similarly, the observability staircase form is computed as⎡⎣0 1 0
1 0 0
0 0 1

⎤⎦⎡⎣ 0 0
−3 0
0.6 0

⎤⎦[
0 1
1 0

]
=

⎡⎣ 0 −3
0 0
0 0.6

⎤⎦ ≡
⎡⎣ Areg ∗

0 ∗
0 Y1

⎤⎦ ,

where l1 = rank(Y1) = 1 and l0 = 1. As we can see there ex-
ists a regular part of size 1 × 1 corresponding to the unobservable
mode (here the eigenvalue 0). Consequently, L(A, C) = (1, 1) and
J 0(A, C) = (1), which correspond to the KCF LT

1 ⊕ J1(0).

4.2 Computing controllable and unobservable subspaces

The controllable subspace CS(A, B) and unobservable subspace OS(A, C) of a
state-space system (A, B, C, D) is defined, respectively, as (e.g., see [23, 98, 113])

CS(A, B) = inf{S | AS ⊂ S; ran(B) ⊂ S} = ran(C(A, B)),

OS(A, C) = sup{S | AS ⊂ S; S ⊂ null(C)} = null(O(A, C)).
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If dim(CS(A, B)) = c < n, then the system is uncontrollable and there exists
an uncontrollable subspace. Analogously, if dim(OS(A, C)) = ō > 0, then the
system is unobservable and there exists an unobservable subspace.

With an n × n unitary transformation matrix U the controllability system
pencil SC(λ) can be reduced to the controllability staircase form (4.43):

U
[
B A − λIn

] [Im 0
0 UH

]
=

[
Bc Ac − λIc ∗
0 0 Ac̄ − λIc̄

]
,

where (Ac, Bc) is controllable, Ac̄−λIc̄ is regular and contains the uncontrollable
modes, and the first c rows of U span CS(A, B) [98]. Dually, the observable
subspace can be derived from the observability staircase form (4.44):[

U 0
0 Ip

] [
A − λIn

C

]
UH =

⎡⎣ Aō − λIō ∗
0 Ao − λIo

0 Co

⎤⎦ ,

where (Ao, Co) is observable, Aō −λIō is regular and contains the unobservable
modes, and the first ō rows of U span OS(A, C) [98].

It follows, that if a controllability pair (A, B) already is in BCF then[
Ic 0
0 Ic̄

] [
BB AB − λIn

] ⎡⎣Im 0 0
0 Ic 0
0 0 Ic̄

⎤⎦ =
[
Bε Aε 0
0 0 Aμ

]
,

where Aε has c rows/columns and Aμ has c̄ rows/columns. Consequently,

CS(A, B) = span
{[

Ic

0

]}
.

Similarly, if an observability pair (A, C) is in BCF then⎡⎣Iō 0 0
0 Io 0
0 0 Ip

⎤⎦[
AB − λIn

CB

] [
Iō 0
0 Io

]
=

⎡⎣Aμ 0
0 Aη

0 Cη

⎤⎦ ,

where Aμ has ō rows/columns and Aη has o rows/columns, then

OS(A, C) = span
{[

Iō

0

]}
.

The subspaces can also be derived from a generalized Schur-staircase form
where the structure of the system pencil is not preserved, in contrary to the
controllability and observability staircase forms. For example, from the GUP-
TRI form of the corresponding general matrix pencil A − λB of a system, the
subspaces can be derived as follows.

From the m × n matrix pencil A − λB in the GUPTRI form

U(A − λB)V H =

⎡⎣Ar − λBr ∗ ∗
0 Areg − λBreg ∗
0 0 Al − λBl

⎤⎦ ,
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different pairs of reducing subspaces can be computed [23, 99]. Let Ar − λBr be
mr×nr, Areg − λBreg be mreg×nreg, and Al − λBl be ml×nl. Let also U and
V be partitioned as U =

[
Ur Ureg Ul

]
and V =

[
Vr Vreg Vl

]
, respectively,

where the dimensions of each submatrix are given from the sizes of the blocks in
the GUPTRI form of A − λB. Then the left and right reducing subspaces, U and
V, form a pair of reducing subspaces spanned by the leading columns of U and
V , respectively. The subspace is called minimal if it is spanned by the minimal
reducing subspace pair (span{Ur}, span{Vr}), and maximal if it is spanned by
the maximal reducing subspace pair (span{Ur, Ureg}, span{Vr, Vreg}).

If the n × (n + m) controllability pair (A, B) is in the GUPTRI form

U
[
B A − λIn

]
V H =

[
Ar − λBr ∗

0 Areg − λBreg

]
,

it follows that the controllable subspace is equal to the minimal left reducing
subspace U ≡ span{Ur}, or equivalently, the bottom n rows of the minimal right
reducing subspace V ≡ span{Vr}. For the generalized matrix pair (E, A, B),
where E is nonsingular, the controllable subspace is equal to E−1U [23].

Analogously, the unobservable subspace is equal to the maximal right reduc-
ing subspace of SO(λ), or equivalently, the first n rows of maximal left reducing
subspace [23]. This follows from the duality

unobservable subspace of (A, C)

= (controllable subspace of (AT , CT ))⊥

= (minimal left reducing subspace of
[
CT AT − λIn

]
)⊥

= maximal right reducing subspace of
[

A−λIn

C

]
.
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5 Matrix and pencil spaces

A matrix can be seen as a point in a matrix space, and the union of all similar
matrices as a manifold in this space. We say that the matrix “lives” in the space
spanned by the manifold, and the dimension of the manifold is given from the
number of parameters of the matrix, where each fixed parameter gives one less
degree of freedom. The dimension of the complementary space to the manifold
is called the codimension, and as we will see has a vital role in the theory of
stratification.

In this section, we consider the matrix space and the corresponding spaces
for matrix pencils and system pencils. Moreover, it is shown how the dimensions
and codimensions of these spaces are computed, and we also present a convenient
way to get the codimension from the canonical structure information of a matrix,
matrix pencil or system pencil.

5.1 The matrix space

A matrix A of size n × n has n2 elements and therefore belongs to an n2-
dimensional (matrix) space, one dimension for each parameter. As mentioned
above, a matrix A can be seen as a point in the n2-dimensional space and
consequently the union of all n × n matrices constitute the entire matrix space
[29].

The orbit of a matrix, O(A), is the manifold of all similar matrices:

O(A) = {P−1AP : det (P ) 	= 0}. (5.46)

This means that all matrices in the same orbit have the same canonical form,
both the eigenvalues and the sizes of the Jordan blocks are fixed, and that
O(A) is a manifold in the n2-dimensional space. A bundle defines the union of
all orbits with the same canonical form but with the eigenvalues unspecified,⋃

μi
O(A) [2]. We denote the bundle of A by B(A).

The dimension of the space O(A) is equal to the dimension of the tangent
space to O(A) at A, denoted by tan(A), and is defined in A by the matrices of
the form TA = XA− AX , where X is an n× n matrix. Using the technique in
[29] the tangent vectors TA can be expressed with Kronecker products as:

vec(TA) =
(
AT ⊗ In

)
vec(X) − (In ⊗ A) vec(X)

=
(
AT ⊗ In − In ⊗ A

)
vec(X).

The orthogonal complement of the tangent space is the normal space, nor(A),
which is the union of all n × n matrices Z that satisfies

AHZ = ZAH .

The dimension of the space complementary to the orbit is called the codimension
of O(A), denoted by cod(A) [21, 29, 111]. Consequently the codimension is equal
to the dimension of the normal space and

cod(A) = n2 − dim(tan(A)).
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Figure 4 illustrates an orbit of a tentative matrix A together with the tangent
and normal spaces to the orbit at A.

A

O(A)

tan(A)

nor(A)

Figure 4: Illustration of the orbit, tangent space, and normal space for a
tentative matrix A (marked with the dot).

An explicit expression for the codimension for matrices was derived by
Arnold [2] using miniversal deformations, including a parameterization of the
normal space, with one parameter for each dimension of the normal space. It
follows that the codimension can be obtained as the number of linearly inde-
pendent matrices X that solve f(X) = XA − AX = 0. For an introduction to
and how the (mini)versal deformation is derived we refer to [3] and [29].

A more convenient way to determine the codimension of the orbit of A is
based on the Jordan structure of the matrix (e.g., see [21]):

cod(A) = cJor, (5.47)

where

cJor =
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j =

q∑
i=1

(h(i)
1 + 3h

(i)
2 + 5h

(i)
3 + · · · ), (5.48)

and (h(i)
1 , . . . , h

(i)
gi ) are the Segre characteristics for the finite eigenvalue μi, as

defined in Section 3.4, and q is the number of distinct eigenvalues.
Simple eigenvalues make no contribution to the codimension in the bundle

case. Therefore, knowing the codimension of an orbit the codimension of the
corresponding bundle is one less for each distinct eigenvalue:

cod(B(A)) = cod(O(A)) − (number of distinct eigenvalues).

For example, if we are interested in an n×n matrix A with k unspecified eigen-
values and the rest with known specified values, the codimension is cod(A)− k.
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Example 9

Given a matrix A with JCF 2J2(μ1) ⊕ J1(μ1) ⊕ 3J5(μ2) ⊕ J2(μ3)
with the corresponding Segre characteristics:

hμ1 = (2, 2, 1),
hμ2 = (5, 5, 5), and
hμ3 = (2).

The codimension of the orbit of A is

cod(A) = (2 + 3 ∗ 2 + 5 ∗ 1) + (5 + 3 ∗ 5 + 5 ∗ 5) + 2 = 60,

and the codimension of the bundle of A is 60 − 3 = 57 (since A has
three distinct eigenvalues).

5.2 The matrix pencil space

In the case of m × n matrix pencils A − λB, we now have a 2mn-dimensional
space (two matrices, each with mn elements), where the orbit is the manifold
of strictly equivalent matrix pencils:

O(A − λB) = {U−1(A − λB)V : det (U) det (V ) 	= 0}. (5.49)

As for matrices, the bundle of A − λB, B(A − λB), is the set of matrix pencils
with the same Kronecker canonical structure, i.e., equal left and right singular
blocks and Jordan blocks of equal size but with unspecified eigenvalues.

The dimension of the O(A − λB) is equal to the dimension of the tangent
space to O(A − λB), which is given by the pencils on the form

TA − λTB = X(A − λB) − (A − λB)Y,

where X is an m × m matrix and Y is an n × n matrix. Edelman, Elmroth
and Kågström [29] showed that by using Kronecker products the 2mn tangent
vectors TA − λTB can be represented as[

vec(TA)
vec(TB)

]
=

[
AT ⊗ Im

BT ⊗ Im

]
vec(X) −

[
In ⊗ A
In ⊗ B

]
vec(Y ),

and the tangent space is the range of the 2mn × (m2 + n2) matrix

T ≡
[
AT ⊗ Im −In ⊗ A
BT ⊗ Im −In ⊗ B

]
. (5.50)

Then the normal space is

nor(A − λB) = null(T H) = {ZA − λZB},
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where ZAAH + ZBBH = 0 and AHZA + BHZB = 0 [29]. The dimensions of
the two complementary spaces can now be expressed in terms of the matrix T
as

dim(tan(A − λB)) = m2 + n2 − dim(null(T )),

and

dim(nor(A − λB)) = dim(null(T H)) = dim(null(T )) − (m − n)2.

As before, the codimension of the orbit is equal to the dimension of the normal
space, which together with the tangent space makes up the complete 2mn-
dimensional space for the matrix pencil.

We recall from Section 3.4 the invariants associated with the KCF of a
matrix pencil. These are the column minimal indices (ε1, . . . , εr0), the row
minimal indices (η1, . . . , ηl0), the Segre characteristics (h(i)

1 , . . . , h
(i)
gi ) for the

finite eigenvalue μi for i = 1, . . . , q, and the Segre characteristics (s1, . . . , sg∞)
for the infinite eigenvalue.

Knowing the KCF, Demmel and Edelman [21] derived explicit expressions
for the codimension of a matrix pencil. They showed that it is a sum of separate
codimensions:

cod(A − λB) = cRight + cLeft + cSing + cJor + cJor,Sing, (5.51)

where

cRight =
∑

εi>εj

(εi − εj − 1), cLeft =
∑

ηi>ηj

(ηi − ηj − 1),

cSing =
∑
εi,ηj

(εi + ηj + 2), cJor =
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j +

g∞∑
j=1

(2j − 1)sj ,

and

cJor,Sing = (r0 + l0)

⎛⎝ q∑
i=1

gi∑
j=1

h
(i)
j +

g∞∑
j=1

sj

⎞⎠ .

The first two terms, cRight and cLeft, come from the interaction between L blocks
and LT blocks, respectively. The term cSing comes from the interaction between
the right and left singular blocks and is the summation over all pairs of Lεi

and LT
ηj

blocks. The term cJor comes from the Jordan blocks and corresponds
to (5.48) for matrices, but also includes the infinite eigenvalues appearing in
general matrix pencils. The last term cJor,Sing is the product of the number
of singular blocks and the total size of the regular part. As for matrices, the
codimension of the corresponding bundle is given as:

cod(B(A − λB)) = cod(O(A − λB)) − (number of distinct eigenvalues).
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Example 10

Given a matrix pencil A − λB with KCF L3⊕L1⊕L0⊕LT
3 ⊕LT

0 ⊕
J2(α) ⊕ J1(α) ⊕ N3 with the corresponding integer partitions:

ε = (3, 1, 0), η = (3, 0),
hα = (2, 1), and s = (3).

The codimension of the orbit of A − λB is the sum of the terms

cRight = (3 − 1 − 1) + (3 − 0 − 1) + (1 − 0 − 1) = 3,

cLeft = 3 − 0 − 1 = 2,

cSing = (3 + 3 + 2) + (3 + 0 + 2) + (1 + 3 + 2) + (1 + 0 + 2)
+ (0 + 3 + 2) + (0 + 0 + 2) = 29,

cJor = (2 + 3 ∗ 1) + 3 = 8, and
cJor,Sing = (3 + 2)(2 + 1 + 3) = 30,

which give cod(A − λB) = 3 + 2 + 29 + 8 + 30 = 72. It follows that
the codimension of the bundle of A − λB is 72 − 2 = 70, since we
have two eigenvalues (one finite and one infinite).

Another approach to compute the codimension is from the singular value
decomposition (SVD) of the matrix T in (5.50) [29]. It follows that

cod(A − λB) = number of zero singular values of T ,

and that the left singular vectors corresponding to the zero singular value form
an orthonormal basis for nor(A − λB). The corresponding result for square
matrices is

cod(A) = number of zero singular values of AT ⊗ In − In ⊗ A.

This is a robust but rather costly method for computing the codimension, e.g., to
compute the SVD of T is an O(m3n3) operation. However, the main advantage
of the SVD-based method is that the codimension can be computed without
any knowledge of the canonical structure of the orbit.

The miniversal deformation for matrix pencils was derived by Edelman, Elm-
roth and Kågström [29] and partially by Berg and Kwatny [7]. Further studies
on versal deformations of matrix pencils have, for example, been done in [46, 48],
and [47] where the simplest miniversal deformation of matrices and matrix pen-
cils is derived. Versal deformations of different kinds of system pencils (consid-
ered in the next section) have, for example, been studied in [8, 39, 50, 51, 94]
and of invariant subspaces in [41, 89].
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5.3 The system pencil space

Next, we consider pairs, triples and quadruples of matrices. An (n+p)×(n+m)
matrix quadruple (A, B, C, D) belongs to an ((n+p)(n+m))-dimensional space
and the subsystem (A, B, C) to an (n2 +np+nm)-dimensional space. Similarly,
the controllability pair (A, B) belongs to an (n2+nm)-dimensional space and the
observability pair (A, C) belongs to an (n2+np)-dimensional space. Throughout
this paper we are only considering orbits and bundles under Γ-equivalence of
these systems, which for matrix quadruples (and matrix triples when D ≡ 0) is
defined as

O(A, B, C, D)

=
{[

P S
0 T

] [
A − λI B

C D

] [
P−1 0
R Q−1

]
: det(P ), det(T ), det(Q) 	= 0

}
,

and for the controllability pairs

O(A, B) =
{

P
[
A − λI B

] [P−1 0
R Q−1

]
: det(P ), det(Q) 	= 0

}
,

and the observability pairs

O(A, C) =
{[

P S
0 T

] [
A − λI

C

]
P−1 : det(P ), det(T ) 	= 0

}
.

The tangent space to O(A, B, C, D) at (A, B, C, D) is given by the matrix
quadruples of the form[

TA TB

TC TD

]
=

[
X Y
0 Z

] [
A B
C D

]
+

[
A B
C D

] [−X 0
V W

]
,

where X, Y, Z, V and W are matrices of conforming sizes [40]. Similar to
the general matrix pencil case, we can express the tangent space of a matrix
quadruple (A, B, C, D) as the range of the (n2 + nm + np + mp) × (n2 + np +
p2 + nm + m2) matrix

T(A,B,C,D) =

⎡⎢⎢⎣
AT ⊗ In − In ⊗ A CT ⊗ In 0 In ⊗ B 0

BT ⊗ In DT ⊗ In 0 0 Im ⊗ B
−In ⊗ C 0 CT ⊗ Ip In ⊗ D 0

0 0 DT ⊗ Ip 0 Im ⊗ D

⎤⎥⎥⎦ ,

where ⎡⎢⎢⎣
vec(TA)
vec(TB)
vec(TC)
vec(TD)

⎤⎥⎥⎦ = T(A,B,C,D)

⎡⎢⎢⎢⎢⎣
vec(X)
vec(Y )
vec(Z)
vec(V )
vec(W )

⎤⎥⎥⎥⎥⎦ .
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The matrix T(A,B,C,D) is derived using the technique for general matrix pencils
[29]. The corresponding matrix representations of the tangent space of a triple
(A, B, C), a controllability pair (A, B) and an observability pair (A, C) are
([16, 45]):

T(A,B,C) =

⎡⎣AT ⊗ In − In ⊗ A CT ⊗ In 0 In ⊗ B 0
BT ⊗ In 0 0 0 Im ⊗ B
−In ⊗ C 0 CT ⊗ Ip 0 0

⎤⎦ ,

T(A,B) =
[
AT ⊗ In − In ⊗ A In ⊗ B 0

BT ⊗ In 0 Im ⊗ B

]
, and

T(A,C) =
[
AT ⊗ In − In ⊗ A CT ⊗ In 0

−In ⊗ C 0 CT ⊗ Ip

]
.

As before, the dimension of the orbit is equal to the dimension of the tangent
space to the orbit, and the codimension is equal to the dimension of the normal
space. Expressed in terms of the T -matrix notation, we have for the different
systems (see [51] for (A, B, C) and [39] for (A, B)):

dim(tan(A, B, C, D)) = n2 + np + p2 + nm + m2 − dim(null(T(A,B,C,D))),

dim(nor(A, B, C, D)) = dim(null(T(A,B,C,D))) − m2 − p2 + pm,

dim(tan(A, B, C)) = n2 + np + p2 + nm + m2 − dim(null(T(A,B,C))),

dim(nor(A, B, C)) = dim(null(T(A,B,C))) − m2 − p2,

dim(tan(A, B)) = n2 + nm + m2 − dim(null(T(A,B))),

dim(nor(A, B)) = dim(null(T(A,B))) − m2 − p2 − np,

dim(tan(A, C)) = n2 + np + p2 − dim(null(T(A,C))), and

dim(nor(A, C)) = dim(null(T(A,C))) − m2 − p2 − nm.

For the generalized case of the matrix quadruple where we also have re-
stricted system equivalence, the tangent space to O(E, A, B, C, D) is

[
TE TA TB

0 TC TD

]
=

[
S U
0 V

] [
E A B
0 C D

]
+

[
E A B
0 C D

]⎡⎣−T 0 0
0 −T 0
0 Y Z

⎤⎦ .

As for state-space systems we can get the tangent space from the range of

T(E,A,B,C,D)

=

⎡⎢⎢⎢⎢⎣
ET ⊗ In −In ⊗ E 0 0 0 0
AT ⊗ In −In ⊗ A CT ⊗ In 0 In ⊗ B 0
BT ⊗ In 0 DT ⊗ In 0 0 Im ⊗ B

0 −In ⊗ C 0 CT ⊗ Ip In ⊗ D 0
0 0 0 DT ⊗ Ip 0 Im ⊗ D

⎤⎥⎥⎥⎥⎦ ,
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where ⎡⎢⎢⎢⎢⎣
vec(TE)
vec(TA)
vec(TB)
vec(TC)
vec(TD)

⎤⎥⎥⎥⎥⎦ = T(E,A,B,C,D)

⎡⎢⎢⎢⎢⎢⎢⎣
vec(S)
vec(T )
vec(U)
vec(V )
vec(Y )
vec(Z)

⎤⎥⎥⎥⎥⎥⎥⎦ .

This is an extension of the generalized matrix triple (E, A, B, C) considered in
[16]. For (E, A, B, C) the derivative-feedback transformation acting on the E
matrix is also of interest. The tangent space is now given as (see [16])

[
TE TA TB

0 TC 0

]
=

[
S U
0 V

] [
E A B
0 C 0

]
+

[
E A B
0 C 0

]⎡⎣−T 0 0
0 −T 0
X Y Z

⎤⎦ ,

with the corresponding T matrix

T(E,A,B,C)

=

⎡⎢⎢⎣
ET ⊗ In −In ⊗ E 0 0 In ⊗ B 0 0
AT ⊗ In −In ⊗ A CT ⊗ In 0 0 In ⊗ B 0
BT ⊗ In 0 0 0 0 0 Im ⊗ B

0 −In ⊗ C 0 CT ⊗ Ip 0 0 0

⎤⎥⎥⎦ ,

where

⎡⎢⎢⎣
vec(TE)
vec(TA)
vec(TB)
vec(TC)

⎤⎥⎥⎦ = T(E,A,B,C)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

vec(S)
vec(T )
vec(U)
vec(V )
vec(X)
vec(Y )
vec(Z)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

Knowing the canonical structure, the explicit expression for the codimension
of the controllability pair (A, B) is derived in [39], see also [38]. By rewriting the
result, it is obvious that the computation of the codimension of (A, B) can be
done using parts of the expression (5.51) for matrix pencils. The codimension
of the observability pair (A, C) is easily derived by its duality to (A, B). In the
same notation as (5.51), the codimension of the orbit of matrix pairs is given
from the sums

cod(A, B) = cRight + cJor + cJor,Right,

and

cod(A, C) = cLeft + cJor + cJor,Left,
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where the terms cJor,Right and cJor,Left are subparts of cJor,Sing in (5.51):

cJor,Right = r0

q∑
i=1

gi∑
j=1

h
(i)
j , and

cJor,Left = l0

q∑
i=1

gi∑
j=1

h
(i)
j .

Expressed in terms of the structure invariants of the system, the codimension
for matrix quadruples and matrix triples were derived by Garćıa-Planas and
Magret. The explicit expression for the codimension of a matrix triple is derived
in [51] and the explicit expression for a matrix quadruple is presented, but not
derived, in [49]. However, parts of the results provided in [49] and [51] seem
to be incorrect. The terms coming from the interaction between the N blocks
should depend on the existence of L and LT blocks, see Equation (B.39), (B.40),
(B.49), and (B.50) of Appendix B. See also the original rules in [51, Table 1;
Eq. (2) and (10)] and [49, p. 881]. This can be seen by studying the versal
deformations of the corresponding system pencil. We have included our revised
version of their results in Appendix B.

When computing the codimension of the corresponding bundle, the same
relation holds for pairs, triples and quadruples associated with a system pencil
S(λ), as for matrices and matrix pencils:

cod(B(S(λ))) = cod(O(S(λ))) − (number of distinct eigenvalues).
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6 Stratification of orbits and bundles

Computing the canonical structure of a system is an ill-posed problem; the
system may be sensitive to small perturbations, e.g., small changes in the input
data may drastically change the computed canonical structure. Besides knowing
the canonical structure, it is equally important to be able to identify nearby
canonical structures in order to explain the behavior of the state-space system
under small perturbations. For example, a state-space system which is found to
be controllable may be very close to an uncontrollable system, and can therefore
by only a small change in some data, e.g., due to round-off errors, become
uncontrollable.

In the following, when it is clear from context we sometimes use the shorter
term structure when we refer to a canonical structure. Moreover, in the graph
representation used below a downward path is defined as a path for which all
edges start in a node and end in another node below in the graph, i.e., the path
is directed strictly downward. Similarly, an upward path is a path where all
edges are directed strictly upward.

A stratification gives the closure hierarchy of orbits and bundles of canonical
structures, i.e., it shows which structures are near to each other (in the sense of
small perturbations) and their relation to other structures. For square matri-
ces, Arnold [2] examined nearby structures by small perturbations using versal
deformations. For matrix pencils, the theory was first introduced for the set of
2-by-3 matrix pencils by Elmroth and Kågström [36] and later extended in col-
laboration with Edelman to general matrices and matrix pencils [29, 30]. In line
of this work, the theory has further been developed in [33] by Elmroth, P. Jo-
hansson and Kågström, and in [32] by Elmroth, P. Johansson, S. Johansson and
Kågström. Other interesting papers have been published by Berg and Kwatny
[7, 8], Boley [11], Garcia-Planas and Magret [44], and recently by Pervouchine
[86].

Based on the theory in [29, 30], a software tool, StratiGraph [33, 67, 66], has
been developed for computing and visualizing the stratification. The stratifica-
tion is represented as a connected graph where the nodes correspond to orbits
(or bundles) of different canonical structures and the edges to their covering re-
lations. Given a node for a canonical structure, its closure is represented by the
node itself and all nodes which can be reached by a downward path. In Figure 5,
we can see how such a stratification can be represented graphically. The graph
illustrates the complete stratification of bundles of all 111 structurally different
7 × 7 matrices, where each bundle of the different Jordan structures is repre-
sented by one of the 111 nodes. Indeed, the size of a graph grows exponentially
with the matrix size.

In the graph, it is always possible to go from any canonical structure to
another higher up in the graph by a small perturbation if and only if they are
connected by an upward path. The other way around is normally not possible,
i.e., a structure does not have to be near a structure below in the graph. How-
ever, the cases when a structure below in the hierarchy actually is nearby is
often of particular interest, as these show that a more degenerate structure can
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Figure 5: The complete stratification of the bundle to a 7 × 7 matrix give
111 nodes and 313 edges. The numbers on the left show the codi-
mension of the nodes on each level. The graph is generated in
StratiGraph.



66 Paper I

be found by a small perturbation. Lower and upper bounds for the distance to
nearby structures in the closure hierarchy have been studied in [10, 29, 34, 36].

The stratification can be characterized as follows. First, the codimension
determines the level in the graph on which the canonical structure resides. We
remark that several structures can have the same codimension and therefore are
on the same level in the graph. In Figure 5, the codimension is shown on the left
side of the graph. Second, the cover relations give the connected structure(s)
above or below in the closure hierarchy and guarantee that there is no structure
in between. Two structures that have the same codimension cannot cover each
other, instead they belong to different branches in the graph. Third, the most
generic structure is the one with the lowest codimension and is therefore the
topmost node in the graph. The most degenerate (or the least generic) structure
is the one with the highest codimension and is consequently the bottom node.

How the codimensions are computed have already been discussed in Sec-
tion 5, the most generic and degenerate cases are considered in Section 6.2,
and the cover relations in Section 6.3. We end this section by discussing the
stratification of a small state-space system in Section 6.4.

6.1 Integer partitions and coins

Before we go any further into the theory of stratification, we define some prop-
erties for integer partitions and their relations to something called a minimum
coin move.

For integer partitions we use standard vector operations and if κ =
(κ1, κ2, . . .), κ1 ≥ κ2 ≥ · · · ≥ 0, is an integer partition of an integer K and m is
a scalar, then denote the sum κ1 + κ2 + · · · as

∑
κ and (κ1 + m, κ2 + m, . . .)

as κ + m. We also recall from Section 3.4 the following operations on integer
partitions. The union of two integer partitions κ and ν is denoted by κ∪ ν, the
difference by κ \ ν, and the conjugate of κ is denoted by conj(κ).

If ν = (ν1, ν2, . . .) is a second integer partition (not necessary of the same
integer K as κ) and κ1 + · · ·+κi ≥ ν1 + · · ·+νi for i = 1, 2, . . ., then κ ≥ ν. Note
that, if

∑
κ =

∑
ν then κ ≤ ν if and only if conj(κ) ≥ conj(ν). We say that κ

dominates ν or κ > ν, if κ ≥ ν and κ 	= ν. If κ, ν and τ are integer partitions of
the same integer K and there does not exist any τ such that κ > τ > ν where
κ > ν, then κ covers ν. It follows that κ covers ν if and only if κ > ν and
conj(κ) < conj(ν).

A weaker definition of cover is adjacent [19, 61], where κ and ν can be
partitions of different integers. We say that κ > ν are adjacent partitions if
either κ covers ν or if κ = ν ∪ (1).

An integer partition κ = (κ1, . . . , κn) can also be represented by n piles of
coins, where the first pile has κ1 coins, the second κ2 coins and so on. This
representation is used by Edelman, Elmroth and Kågström [30] to construct
the stratification rules. They also defined the following sets of rules on the coin
representation.
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6

2 1 1 1 1

1 1 1 1 1 1

2 2 1 1

2 2 2

3 2 1

3 1 1 1

4 1 1 3 3

4 2

5 1

Figure 6: Example of a covering relationship with six coins.
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• Minimum rightward coin move on κ: Move one coin one column rightward
or one row downward, and keep κ monotonically decreasing.

• Minimum leftward coin move on κ: Move one coin one column leftward
or one row upward, and keep κ monotonically decreasing.

In Figure 6, a Hasse diagram and the corresponding piles of coins are il-
lustrated for the integer partition of K = 6, where two covering partitions
are nearest neighbours. For example, the integer partition κ = (5, 1) covers
ν = (4, 2).

In [30], it was shown that the two coin moves defined above can be used to
find covering partitions above and below a given partition (see Figure 7).

Figure 7: Minimum rightward and leftward coin moves illustrate that κ =
(3, 2, 2, 1) covers ν = (3, 2, 1, 1, 1) and κ = (3, 2, 2, 1) is covered by
τ = (3, 3, 1, 1).

Theorem 6.1 [17, 30]

(a) An integer partition κ covers ν if ν can be obtained from κ by a minimum
rightward coin move on κ.

(b) An integer partition κ is covered by τ if τ can be obtained from κ by a
minimum leftward coin move on κ.

We can also illustrate the conjugate operation with coins, which is obtained
by transposing the coins on the anti-diagonal as in Figure 8.

6.2 Most and least generic cases

Almost all systems of the same size and type (matrices, matrix pencils, etc.)
have the same canonical structure. This canonical structure corresponds to the
most generic case and has the lowest codimension in the closure hierarchy. The
opposite case, which in the nilpotent matrix case corresponds to the zero matrix,
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Figure 8: Conjugate of the partition (3, 2, 2, 1) is (4, 3, 1).

is the least generic case, or equivalently, the most degenerate case and it has the
highest codimension. In the closure hierarchy graph, the most generic case is
represented by the topmost node and the most degenerate case by the bottom
node. The canonical structures in between correspond to degenerate (or non-
generic) cases, which are from a computational point of view a real challenge
[24, 25]. In the following, the most and least generic structures for matrices,
matrix pencils and system pencils are expressed in their canonical structure and
the structure integer partitions R and L, see Section 3.1–3.4.

For general n × n matrices, the most generic canonical structure has n J1

blocks corresponding to n distinct eigenvalues. The associated orbit has codi-
mension n and consequently the bundle has codimension n − n = 0. For orbits
of nilpotent matrices the most generic case has one Jordan block of size n × n
and the codimension of its orbit is n. The most degenerate structure is the one
with n J1 blocks corresponding to a single eigenvalue of multiplicity n, which
for orbits has the codimension n2 and for bundles n2 − 1. Hence, the orbit
corresponding to the most degenerate Jordan structure is only a point in the
matrix space. In the bundle case, the matrix has one degree of freedom given
by the unspecified value of the eigenvalue. See for example Figure 5, where
the most degenerate structure of a bundle for a 7 × 7 matrix has codimension
7 · 7 − 1 = 48.

For a non-square matrix pencil of size m × n the most generic case with
d = n − m > 0 has R = (r0, . . . , rα+1) where r0 = · · · = rα = d and rα+1 = c
with α = �m/d� and c = m mod d [21, 97]. The same statement holds for
d = m − n > 0 by only replacing the partition R with L. It follows that the
most generic structures for non-square matrix pencils are equivalent to

A − λB =
[
0 Im

]− λ
[
Im 0

]
, if m < n,

and

A − λB =
[

0
In

]
− λ

[
In

0

]
, if m > n.

The most generic canonical structure for a square matrix pencil of size n ×
n consists only of a regular part with n distinct finite eigenvalues, i.e., it is
diagonalizable and det(A − λB) = 0 if and only if λ is an eigenvalue. The



70 Paper I

most generic structures for square singular matrix pencils have r0 = · · · =
rj = 1 and l0 = · · · = ln−j−1 = 1, j = 0, . . . , n − 1 [111], i.e., the number of
most generic square singular matrix pencils is n. The most degenerate case,
both for a square and non-square matrix pencil, corresponds to the zero pencil
A − λB = 0m×n − λ0m×n and has R = (n) and L = (m), i.e., n L0 blocks and
m LT

0 blocks.
The most generic cases for a matrix quadruple and a matrix triple depend

on the dimensions of the corresponding (n + p) × (n + m) system pencil

S(λ) =
[
A B
C D

]
− λ

[
In 0
0 0

]
.

For matrix quadruples the most generic case is [64]:

(1) If m > p, let d = m−p, α = �n/d� and c = n mod d. Then the most generic
structure has p N1 blocks and R = (r0, . . . , rα+1) where r0 = · · · = rα = d
and rα+1 = c.

(2) If p > m, let d = p−m, α = �n/d� and c = n mod d. Then the most generic
structure has m N1 blocks and L = (l0, . . . , lα+1) where l0 = · · · = lα = d
and lα+1 = c.

(3) If m = p, the most generic structure has m N1 blocks and n J1 blocks
with distinct eigenvalues.

For matrix triples the most generic case is [64]:

(1) If m > p and n ≥ p, let d = m−p, α = �(n−p)/d� and c = (n−p) mod d.
Then the most generic structure has p N2 blocks and R = (r0, . . . , rα+1)
where r0 = · · · = rα = d and rα+1 = c.

(2) If p > m and n ≥ m, let d = p−m, α = �(n−m)/d� and c = (n−m) mod d.
Then the most generic structure has m N2 blocks and L = (l0, . . . , lα+1)
where l0 = · · · = lα = d and lα+1 = c.

(3) If m = p and n ≥ m, the most generic structure has m N2 blocks and
n − m J1 blocks with distinct eigenvalues.

(4) If n < min{m, p}, the most generic structure has n N2 blocks, m − n L0

blocks and p − n LT
0 blocks.

We remark that in the orbit case for both quadruples and triples, where the
regular part is nilpotent, case (3) gives one Jordan block of size n and n − m,
respectively. The most degenerate cases for triples and quadruples have n J1

blocks with equal eigenvalues, m L0, and p LT
0 blocks.
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Example 11

Given a system pencil S(λ) with n = 2, m = 3, and p = 1, we
illustrate how the most generic and the most degenerate canonical
structures for matrix quadruples and matrix triples are derived.

We begin with the matrix quadruple associated with S(λ). Since
m > p we use case (1) above:

d = m − p = 3 − 1 = 2,

α = �n/d� = �2/2� = 1, and
c = n mod d = 2 mod 2 = 0.

We get R = (2, 2, 0) corresponding to two L1 blocks, and one (p = 1)
N1 block, i.e., the most generic structure for a matrix quadruple
associated with S(λ) has the KCF 2L1 ⊕ N1.

For the associated matrix triple we also use the corresponding case (1)
(m > p and n ≥ p):

d = m − p = 3 − 1 = 2,

α = �(n − p)/d� = �(2 − 1)/2� = 0, and
c = (n − p) mod d = (2 − 1) mod 2 = 1.

We get R = (2, 1) corresponding to one L0 block and one L1 block,
and one (p = 1) N2 block, i.e., the KCF L1 ⊕ L0 ⊕ N2.

The most degenerate structure, both for the matrix quadruple and
matrix triple, is 3L0 ⊕ LT

0 ⊕ 2J1(μ1).

The most generic structure of the controllability pair (A, B) has R = (r0, . . . ,
rα, rα+1) where r0 = · · · = rα = m, rα+1 = n mod m, and α = �n/m� [56]. For
the observability pair (A, C) the most generic structure has L = (l0, . . . , lα, lα+1)
where l0 = · · · = lα = p, lα+1 = n mod p, and α = �n/p�. The most degenerate
case of (A, B) has m L0 blocks and n Jordan blocks of size 1× 1 corresponding
to an eigenvalue of multiplicity n. Similarly, (A, C) has p LT

0 blocks and n
1 × 1 Jordan blocks. In other words, the most generic cases correspond to
completely controllable and observable systems, while the most degenerate cases
correspond to systems with n uncontrollable and n unobservable multiple modes,
respectively.

Example 12

We use the same system pencil as in Example 11 to illustrate how
the most generic and the most degenerate canonical structures for
the matrix pairs (A, B) and (A, C), respectively, are computed.

For the matrix pair (A, B) with n = 2 and m = 3 we have α =
�2/3� = 0 and 2 mod 3 = 2. Hence, the most generic structure has
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R = (3, 2), giving the KCF 2L1⊕L0. The most degenerate structure
has the KCF 3L0 ⊕ 2J1(μ1).

The matrix pair (A, C) with n = 2 and p = 1 has α = �2/1� = 2 and
2 mod 1 = 0. So, the most generic structure has L = (1, 1, 1, 0), i.e.,
the KCF LT

2 , and the most degenerate structure is LT
0 ⊕ 2J1(μ1).

6.3 Closure and cover relations

To determine the closure hierarchy for n × n matrices we stratify the n2-
dimensional matrix space into similarity orbits (or bundles). Similarly, the clo-
sure hierarchy for m × n matrix pencils is given by the stratification of strictly
equivalence orbits (or bundles) in the 2mn-dimensional matrix pencil space.
The stratification of orbits or bundles is given from the closure relations and
further the cover relations between these manifolds. We say that we have a
stratified manifold if it is the union of nonintersecting manifolds whose closure
is the finite union of itself with orbits of smaller dimensions (thereby defining
stratified manifolds recursively, see Arnold [2]). An orbit covers another orbit
if its closure includes the closures of the other orbit and there is no orbit in be-
tween in the closure hierarchy, i.e., they are nearest neighbours in the hierarchy.
The closure and cover relations for bundles are defined analogously.

We want a procedure to decide if an orbit closure is a (proper) subset of
another orbit closure. We start by observing that if two systems with the
corresponding orbits O1 and O2 are equivalent, then O1 = O2 where O denotes
the orbit closure. Furthermore, an orbit O2 which lies in the closure of O1 is less
generic, i.e., dim(O2) < dim(O1). In the following, we show the requirements
on the canonical forms corresponding to O1 and O2 such that O1 ⊇ O2, i.e.,
that the closure of O2 lies in the closure of O1, for matrices, matrix pencils and
matrix pairs. The closure and cover relations for orbits of matrix quadruples
and matrix triples are not yet completely determined, and are therefore not
considered in this paper.

Starting with matrices, the theory behind the closure decision problem for
orbits of nilpotent matrices goes back to 1961. If the matrix has well clustered
eigenvalues but is not nilpotent, the blocks associated with the same eigenvalue
can be shifted to a nilpotent matrix and the same theory can be used. For
example, given a matrix A with eigenvalues μ1, . . . , μq. Order the Jordan blocks
such that A = diag(A1, . . . , Aq), where Ai contains all Jordan blocks associated
with the eigenvalue μi, for i = 1, . . . , q. In order to study closure and cover
relations related to the eigenvalue μi, the matrix can be shifted (Ã = A − μiI)
so that the block Ãi = Ai − μiI is nilpotent.

The closure conditions for orbits of matrices are given by the following the-
orem, where the integer partition hμi represents the Segre characteristics and
J μi the Weyr characteristics for the finite eigenvalue μi, and q is the number
of distinct eigenvalues.
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Theorem 6.2 [2, 30] O(A1) ⊇ O(A2) if and only if J μi(A1) ≤ J μi(A2) and
hμi(A1) ≥ hμi(A2), for all μi ∈ C, i = 1, . . . , q.

From Theorem 6.2 it follows that the number of eigenvalues and the total size
of all blocks associated with the same eigenvalue, are the same for all orbits in
the closure hierarchy. This in contrast to the bundle case where eigenvalues can
coalesce or split apart.

Next, we consider the cover relations for orbits of matrices. This can be
obtained from Theorem 6.2 and the definition of covering partitions. Here we
give the cover relations in form of coin moves on the structure integer partition
J μi as presented in [30].

Theorem 6.3 [2, 30] O(A1) covers O(A2) if and only if some J μi(A2) can
be obtained from J μi(A1) by a minimum leftward coin move, and J μj (A2) =
J μj (A1) for all μj 	= μi.

In the case of not well-clustered eigenvalues, we have to consider the bundle
case as defined by Arnold [2]. The solution to the closure decision problem for
matrix bundles is given in Theorem 6.4, where coalescing two eigenvalues α and
β is equivalent to take the union of the two corresponding integer partitions J α

and J β . We remark that, even if testing for closure relations between nilpotent
matrices is trivial, deciding if one bundle is in the closure of another bundle is
an NP-complete problem [30]. The conditions for covering relations expressed
in terms of coin moves are given in Theorem 6.5. We have summarized the
stratification rules to find a covering or a covered orbit/bundle to a matrix in
Table 3 of Appendix C.

Theorem 6.4 [26, 30, 79] If B(A1) has at least as many distinct eigenvalues
as B(A2), then B(A1) ⊇ B(A2) if and only if it is possible to coalesce eigenvalues
and apply the dominance ordering coin moves to the structure integer partitions
of the bundle defined by A1 to reach that of A2.

Theorem 6.5 [30] B(A1) covers B(A2) if and only if some J μi(A2) either can
be obtained from J μi(A1) by a minimum leftward coin move or by coalescing
the partitions from two distinct eigenvalues (and J μj (A2) = J μj (A1) for all
other eigenvalues μj).

Example 13

Let A be a 7×7 matrix with JCF 2J2(μ1)⊕J1(μ2)⊕J1(μ3)⊕J1(μ4).
Using the stratification rules in Table 3.C (also given in Theorem 6.5
above) and Table 3.D of Appendix C, we show how to derive all
nearest neighbours to the matrix A in a bundle stratification. The
complete bundle stratification of all 7 × 7 matrixces is shown in
Figure 5, where the matrix A is represented by one of the nodes
with codimension 7 (the fourth node from the right).
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The JCF of A is expressed in the Weyr characteristics and its cor-
responding sets of coins as

J μ1 = (2, 2); ,

J μ2 = (1); ,

J μ3 = (1); , and

J μ4 = (1); .

We start with the two rules in Table 3.C to find all covered matrix
bundles. First, rule C.1 (minimal leftward coin move) is applied to
all sets of coins for which it is feasible. It follows that it can only be
applied to the set J μ1 :

J μ1 : ⇒ J μ1 : .

The remaining sets are unchanged, showing that B(A) covers the
bundle of the matrices with JCF J2(μ1)⊕2J1(μ1)⊕J1(μ2)⊕J1(μ3)⊕
J1(μ4).

Then we apply rule C.2 (take the union of two sets) to all the sets
of coins. Here we have two possibilities, either we take the union of
two sets with one coin (whichever two of J μ2 , J μ3 and J μ4), e.g.,

J μ2 :
⋃ J μ3 : ⇒ J μ2 : ,

or we take the union of J μ1 and one of the sets with one coin, e.g.,

J μ1 :
⋃ J μ2 : ⇒ J μ1 : .

It follows that B(A) also covers the bundles of the structures with
JCF 2J2(μ1)⊕J2(μ2)⊕J1(μ4) and J3(μ1)⊕J2(μ1)⊕J1(μ3)⊕J1(μ4).

To find all covering matrix bundles the two rules in Table 3.D are
used. Rule D.1 (minimal rightward coin move) can only be applied
to the set J μ1 :

J μ1 : ⇒ J μ1 : .
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cod

5

6

7

8

9

J3(μ1)⊕J1(μ1)⊕J1(μ2)⊕J1(μ3)⊕J1(μ4)

D.1

�

2J1(μ1)⊕J1(μ2)⊕J1(μ3)⊕J1(μ4)⊕2J1(μ5)

D.2
�

2J2(µ1)⊕J1(µ2)⊕J1(µ3)⊕J1(µ4)

C.2

�
J3(μ1)⊕J2(μ1)⊕J1(μ3)⊕J1(μ4)

C.2

�
2J2(μ1)⊕J2(μ2)⊕J1(μ4)

C.1

�
J2(μ1)⊕2J1(μ1)⊕J1(μ2)⊕J1(μ3)⊕J1(μ4)

Figure 9: All nearest neighbours in the closure hierarchy to the bundle of
the matrix with JCF 2J2(μ1) ⊕ J1(μ2) ⊕ J1(μ3) ⊕ J1(μ4). Which
rule in Table 3 of Appendix C used is marked at each edge, and
the bundle codimensions are shown to the left.

With all other sets unchanged, we get that B(A) is covered by the
bundle of the structures with JCF J3(μ1)⊕J1(μ1)⊕J1(μ2)⊕J1(μ3)⊕
J1(μ4). The second rule (divide one set into two) can also only be
applied to the set J μ1 :

J μ1 : ⇒ J μ1 : , J μ5 : .

This shows that B(A) is covered by the bundle of the structures with
JCF 2J1(μ1) ⊕ J1(μ2) ⊕ J1(μ3) ⊕ J1(μ4) ⊕ 2J1(μ5).

The bundle closure hierarchy with all covered and covering bundles
to B(A) is shown in Figure 9.

The closure decision problem for orbits of general matrix pencils was solved
by Pokrzywa [88] and later reformulated by De Hoyos [64]. Independently, Bon-
gartz [13] derived a similar solution to the problem. Here follows the theorem
given in [64] formulated as in [30], where R = (r0, . . . , rε1), L = (l0, . . . , lη1), and
J μi = (j(i)

1 , . . . , j
(i)
gi ) are the structure integer partitions defined in Section 3.4.

Moreover, denote by r0(A − λB) the number of column minimal indices (r0)
for A − λB.
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Theorem 6.6 [30, 64, 88] O(A − λB) ⊇ O(Ã − λB̃) if and only if the
following relations hold:

(1) R(A − λB) + nrk (A − λB) ≥ R(Ã − λB̃) + nrk(Ã − λB̃).

(2) L(A − λB) + nrk (A − λB) ≥ L(Ã − λB̃) + nrk(Ã − λB̃).

(3) J μi(A − λB) + r0(A − λB) ≤ J μi(Ã − λB̃) + r0(Ã − λB̃),

for all μi ∈ C, i = 1, 2 . . ., where C = C ∪ {∞}.

From matrix bundles it follows that deciding if a bundle of a matrix pencil
is in the closure of another is also an NP-complete problem. The necessary
conditions for an orbit or a bundle of two matrix pencils to be closest neighbours
were derived in [13, 64, 88], which was later complemented with the sufficient
conditions in [30].

Theorem 6.7 [30] Given the structure integer partitions L, R and J μi of
A − λB, where μi ∈ C, one of the following if-and-only-if rules finds Ã − λB̃
where O(A − λB) covers O(Ã − λB̃):

(1) Minimum rightward coin move in R (or L).

(2) If the rightmost column in R (or L) is one single coin, move that coin to
a new rightmost column of some J μi (which may be empty initially).

(3) Minimum leftward coin move in any J μi .

(4) Let k denote the total number of coins in all of the longest (= lowest) rows
from all of the J μi . Remove these k coins, add one more coin to the set,
and distribute k + 1 coins to rp, p = 0, . . . , t and lq, q = 0, . . . , k − t − 1
such that at least all nonzero columns of R and L are given coins.

Rules 1 and 2 are not allowed to do coin moves that affect r0 (or l0).

Notice that in the above two theorems for matrix pencils, the structure
integer partition J μi represents the eigenvalues of the extended complex plane,
i.e., μi ∈ C ∪ {∞}. Moreover, in the latter theorem the restriction for rules (1)
and (2) implies that the number of left and right singular blocks remain fixed,
while rule (4) adds one new block of each kind and rule (3) corresponds to the
nilpotent case. We also remark that rule (4) cannot be applied if the total
number of nonzero columns in R and L are more than k + 1. If the rule can be
applied, at least one coin must be assigned to R and L, respectively. In Table 4
of Appendix C, the complete set of rules for cover relations of matrix pencils is
given (both for covered/covering orbits and bundles).
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Example 14

Here we consider the orbit stratification of the 3 × 5 matrix pencil
A − λB associated with the state-space system (3.30) in Example 6.
The KCF of A − λB is 2L0 ⊕ J2(α) ⊕ J1(β), where in (3.30) the
eigenvalue α = ∞ and the eigenvalue β depends on the value of γ (if
γ = 0 then β = 0). However, we consider the general case where α
and β can be any complex number (including infinity) and therefore
denote the eigenvalues by μ1 and μ2, respectively. In the following,
we show how all matrix pencils covered by O(A − λB) can be found
using the rules in Theorem 6.7 (or Table 4.A of Appendix C).

First, we express the KCF 2L0 ⊕ J2(μ1) ⊕ J1(μ2) in the structure
integer partitions R and J , and its corresponding sets of coins:

R = (2); ,

J μ1 = (1, 1); , and

J μ2 = (1); .

Rule (1) cannot be applied to R because the rule is not allowed to
do any coin moves that affect r0 (the first column in R). The second
rule cannot be used because R has not a single coin in its rightmost
column. However, rule (3) can be applied to the set J μ1 :

J μ1 : ⇒ J μ1 : .

This shows that O(A − λB) covers the orbit of the matrix pencils
with KCF 2L0 ⊕ 2J1(μ1) ⊕ J1(μ2).

We can also apply the fourth rule which says the following. Take all
coins on the lowest rows of all J and add one coin to the set:

J μ1 : + J μ2 : + ⇒ .

Then distribute the coins on R and L, such that at least all nonzero
columns in R and L get one coin each and R and L get no less than
one coin. The four coins can be distributed in three different ways
on the sets R and L:

I. R: , L: .
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II. R: , L: .

III. R: , L: .

The three cases correspond to the matrix pencils 3L0 ⊕ LT
2 , L1 ⊕

2L0 ⊕ LT
1 , and L2 ⊕ 2L0 ⊕ LT

0 , respectively.

To illustrate rule (2), we also derive the orbits of matrix pencils
covered by the orbit of L1⊕2L0⊕LT

1 (case II above). Rule (1) cannot
be applied because there are no minimal rightward coin moves that
do not affect r0. For rule (2), there are two choices; either the single
rightmost coin in R or the single rightmost coin in L is moved to a
new set J μ1 :

R: ⇒ R: , J μ1 : ,

or

L: ⇒ L: , J μ1 : .

The two cases give the matrix pencils with KCF 3L0 ⊕LT
1 ⊕ J1(μ1)

and L1 ⊕ 2L0 ⊕ LT
0 ⊕ J1(μ1). Furthermore, rule (3) and (4) cannot

be applied because there is no regular part.

If we derive the orbits that are covered by the orbit of the remaining
structures 2L0 ⊕ L2 ⊕ LT

0 , 2L0 ⊕ 2J1(μ1) ⊕ J1(μ2), and 3L0 ⊕ LT
2 ,

we actually get no more structures than those already derived. The
orbit stratification derived above is shown in Figure 10 (the com-
plete stratification of the bundles of 3 × 5 matrix pencils is shown
in Figure 11). We remark that rule (1) is not used in this example,
but it is similar to rule (3) and should be straightforward to apply.

Closure conditions for controllability pairs, both necessary and sufficient,
have been studied by Gracia, De Hoyos and Zaballa [58], and later by Hinrichsen
and O’Halloran [61, 62]. As shown below, the closure conditions are a subset
of those for general matrix pencils. Here we give our reformulation and slight
modification of the theorem originally presented in [62, Theorem 4.6].
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cod
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�
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0 ⊕J1(μ1)

4



3L0⊕LT
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�
3L0⊕LT

1 ⊕J1(μ1)

Figure 10: A subgraph of all orbits that are in closure of the orbit of the
matrix pencil with KCF 2L0 ⊕ J2(μ1) ⊕ J1(μ2). Which rule of
Theorem 6.7 used is marked at each edge, and the orbit codi-
mensions are shown to the left.

Theorem 6.8 O(A, B) ⊇ O(Ã, B̃) if and only if the following conditions hold:

(1) R(A, B) ≥ R(Ã, B̃).

(2) J μi(A, B) ≤ J μi(Ã, B̃), for all μi ∈ C, i = 1, . . . , q.

The closure conditions for the observability pair (A, C) are, from the duality
with (A, B), equal to those for (A, B) except that R is exchanged with L.

In [62, Theorem 4.6], condition (1) is given as conj(ε) ≥ conj(ε̃) and con-
dition (2) as Dj(A, B) divides Dj(Ã, B̃) for all j = 1, . . . , n, where the integer
partition ε is the column minimal indices and Dj(A, B) are the greatest com-
mon divisors of all minors of (A, B), as defined in Section 3.4. Furthermore,
they only prove the theorem for O(A, B) ⊇ (Ã, B̃) instead of the more rigid
condition O(A, B) ⊇ O(Ã, B̃). In the proof, we show that these two closure
relations are indeed equal for matrix pairs and that the two conditions in [62,
Theorem 4.6] can be reformulated as those in Theorem 6.8.
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Proof of Theorem 6.8. Notably, in order to conform with our for-
mulations of Theorems 6.2 and 6.6 we write O(A, B) ⊇ O(Ã, B̃) instead of
O(A, B) ⊇ (Ã, B̃) as originally written in [62, Theorem 4.6]. This can be done
since O(A, B) consists of the set of all controllability pairs with the canoni-
cal form of (A, B) (i.e., O(A, B)) and more degenerate orbits in the closure
of O(A, B). The same holds for O(Ã, B̃). Since O(Ã, B̃) is in the closure of
O(A, B), O(Ã, B̃) is in O(A, B).

It remains to show that conditions (1) and (2) given in [62, Theorem 4.6]
are equal to conditions (1) and (2), respectively, of Theorem 6.8.

Condition (1): Show that conj(ε) ≥ conj(ε̃) in [62, Theorem 4.6] is equivalent
to R(A, B) ≥ R(Ã, B̃) in Theorem 6.8.

Knowing that R = (r0) ∪ conj(ε) where r0 is the number of L blocks, and
that (A, B) always has m L blocks, it follows directly that conj(ε) ≥ conj(ε̃) is
equivalent to R(A, B) ≥ R(Ã, B̃).

Condition (2): Show that Dj(A, B) divides Dj(Ã, B̃) (j = 1, . . . , n) in [62,
Theorem 4.6] is equivalent to J μi(A, B) ≤ J μi(Ã, B̃) (for all μi ∈ C, i =
1, . . . , q) in Theorem 6.8.

The BCF of the matrix pairs (A, B) and (Ã, B̃) are[
Aε 0 Bε

0 Aλ 0

]
, and

[
Ãε 0 B̃ε

0 Ãλ 0

]
,

respectively, where (Aε, Bε) and (Ãε, B̃ε) consist of the singular parts and the
square pencils Aλ and Ãλ consist of the regular parts of (A, B) and (Ã, B̃),
respectively.

First of all, the size of Aλ is always less or equal to the size of Ãλ. It follows
from cod(A, B) ≤ cod(Ã, B̃) (equality if (A, B) and (Ã, B̃) have the same KCF).

If Aλ and Ãλ are of the same size we can use the closure conditions in
Theorem 6.2 for matrices. We follow the steps by Hinrichsen and O’Halloran in
[60, p. 614] to prove the equivalence with the elementary divisors.

It follows from Theorem 6.2 that O(Aλ) ⊇ O(Ãλ) if and only if J μi(Aλ) ≤
J μi(Ãλ) and hμi(Aλ) ≥ hμi(Ãλ), for each eigenvalue μi. Recall from Section 3.4
that h

(i)
k (in hμi(Aλ) and hμi(Ãλ)) is the multiplicity of the elementary divisor

λ−μi in Pk of Aλ and Ãλ, respectively. We get from (3.25) and the closure condi-
tion in Theorem 6.2 that O(Aλ) ⊇ O(Ãλ) if and only if Dj(Aλ) divides Dj(Ãλ),
i.e.,

J μi(Aλ) ≤ J μi(Ãλ) if and only if Dj(Aλ) divides Dj(Ãλ).

Finally, we consider the case when the size of Ãλ is larger than for Aλ. Let
Ãreg be a submatrix of Ãλ with the same eigenvalues as Aλ, where the total size
of all blocks corresponding to each of those eigenvalues are at least as large as in
Aλ. As shown above it follows that Dj(Aλ) divides Dj(Ãreg) and therefore must
Dj(Aλ) divide Dj(Ãλ). Expressed in Weyr characteristic this corresponds to
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J μi(Aλ) ≤ J μi(Ãreg), and consequently J μi(A, B) = J μi(Aλ) ≤ J μi(Ãreg) ≤
J μi(Ã, B̃), for all μi ∈ C, i = 1, . . . , q.

�

In [61], also the necessary conditions for cover relations of matrix pencils with
no row minimal indices have been derived. They are summarized in Proposi-
tion 6.9 with some minor reformulations. We remark that a matrix pencil with
no row minimal indices can have infinite elementary divisors, which is not the
case for matrix pairs. As defined in Section 3.4, the integer partition ε de-
notes the column minimal indices, hμi the Segre characteristics for the finite
eigenvalue μi, and s the Segre characteristics for the infinite eigenvalue.

Proposition 6.9 [61] Let A − λB and Ã − λB̃ be two n×(n+m) matrix pen-
cils with no row minimal indices and the invariants ε, hμi and s. If O(A − λB)
covers O(Ã − λB̃) then one of the following conditions holds:

(1) conj(ε) > conj(ε̃) are adjacent, hμi = h̃μi for all eigenvalues μi, and s = s̃.

(2)
∑m

i=1 εi >
∑m

i=1 ε̃i, conj(ε) > conj(ε̃) are adjacent, h̃
(i)
1 = h

(i)
1 +1 for some

eigenvalue μi (where μi can be a new eigenvalue), and s = s̃.

(3)
∑m

i=1 εi >
∑m

i=1 ε̃i, conj(ε) > conj(ε̃) are adjacent, hμi = h̃μi for all
eigenvalues μi, and s̃1 = s1 + 1 (where s and s̃ can be empty partitions).

(4) ε = ε̃, hμi > h̃μi for all eigenvalues μi, and s = s̃.

(5) ε = ε̃, hμi = h̃μi for all eigenvalues μi, and s > s̃.

From Theorem 6.8, Proposition 6.9, and the cover conditions for matrix
pencils (see Theorem 6.7 and Appendix C), it is possible to derive both nec-
essary and sufficient cover conditions for the controllability pair (A, B). The
proof is organized as follows. We modify Proposition 6.9 so that it fulfills the
restrictions given by the structure of the controllability pair and then, where
required, strengthen each condition so that they become not only necessary but
also sufficient.

Theorem 6.10 O(A, B) covers O(Ã, B̃) if and only if one of the following
conditions holds:

(1) R(A, B) covers R(Ã, B̃) where r0(A, B) = r0(Ã, B̃), and J μi(A, B) =
J μi(Ã, B̃) for all eigenvalues μi.

(2) If rε1 = 1 and ε1 ≥ 1 for R(A, B), then R(Ã, B̃) = R(A, B) \ (rε1),
J μi(Ã, B̃) = J μi(A, B) ∪ (1) for some eigenvalue μi (where J μi(A, B)
can be an empty partition), and J μj (A, B) = J μj (Ã, B̃) for all μj 	= μi.

(3) R(A, B) = R(Ã, B̃), J μi(A, B) covers J μi(Ã, B̃) for one eigenvalue μi,
and J μj (A, B) = J μj (Ã, B̃) for all μj 	= μi.
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Proof. Let 6.9(n) denote condition n of Proposition 6.9, and equivalently,
6.10(m) condition m of Theorem 6.10.

A matrix pencil with no row minimal indices is equivalent to the system
pencil S(λ) =

[
A B

]− λ
[
E 0

]
, where det (A − λE) 	≡ 0 [61]. Furthermore,

the controllability pair (A, B) differs only from S(λ) in that it cannot have any
infinite elementary divisors. This restriction is introduced by only considering
finite elementary divisors, which obviously exclude 6.9(3) and 6.9(5) (where
A − λB and/or Ã − λB̃ have infinite elementary divisors). The remaining three
conditions are now considered, and we begin each proof with rewriting the
conditions in the structure integer notation: R, L, and J .

First we consider 6.9(1) which can be rewritten as:

R(A, B) > R(Ã, B̃) are adjacent and J μi(A, B) = J μi(Ã, B̃).

Since the two matrix pairs have the same Jordan structure, the size of the sin-
gular parts of (A, B) and (Ã, B̃) must be equal, i.e.,

∑R(A, B) =
∑R(Ã, B̃).

Consequently, R(A, B) > R(Ã, B̃) are adjacent is strengthened to R(A, B) cov-
ers R(Ã, B̃). This is also remarked in [61, proof of Theorem 5.1]. A consequence
of the change of representation from column minimal indices to R, is that we
have to introduce in 6.10(1) the restriction that r0 may not be affected. Other-
wise the number of column minimal indices may change. The new condition is
given in 6.10(1).

Now consider 6.9(2) which can be rewritten as:∑R(A, B) >
∑R(Ã, B̃), R(A, B) > R(Ã, B̃) are adjacent, and

J μi(Ã, B̃) = J μi(A, B) ∪ (1) for some eigenvalue μi (where μi can
be a new eigenvalue).

If
∑R(A, B) >

∑R(Ã, B̃) then R(A, B) > R(Ã, B̃) are adjacent if and only
if R(Ã, B̃) can be derived from R(A, B) in the following way. If rε1 = 1 and
ε1 ≥ 1 for R(A, B), then R(Ã, B̃) = R(A, B) \ (rε1) [19]. Furthermore, the
regular part is expanded by increasing the largest block for some eigenvalue by
one, or by creating a 1× 1 block for a new eigenvalue. It follows that condition
6.9(2) corresponds to rule (2) for orbits of matrix pencils, which already fulfills
both the necessary and sufficient conditions, and we have 6.10(2).

Finally, 6.9(4) can be rewritten as:

R(A, B) = R(Ã, B̃) and J μi(A, B) < J μi(Ã, B̃) for all eigenvalues
μi.

This condition considers the case when the two matrix pairs have equal singular
parts, as opposed to 6.9(1) where the regular parts are the same. The conditions
R(A, B) = R(Ã, B̃) and J μi(A, B) < J μi(Ã, B̃) do not guarantee that (A, B)
covers (Ã, B̃). Consider the matrix pairs (A1, B1) = 2L0⊕J3(α) and (A2, B2) =
2L0 ⊕ 3J1(α), then J α(A1, B1) < J α(A2, B2) but there exists a matrix pair
(A3, B3) = 2L0⊕J1(α)⊕J1(β) such that O(A1, B1) ⊃ O(A3, B3) ⊃ O(A2, B2).
To guarantee that (A, B) covers (Ã, B̃) the corresponding integer partitions
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J μi(A, B) and J μi(Ã, B̃) must also cover each other, which corresponds to the
matrix case (Theorem 6.3). The new condition is given in 6.10(3). �

Theorem 6.11 B(A, B) covers B(Ã, B̃) if and only if one of the following con-
ditions holds:

(1) R(A, B) covers R(Ã, B̃) where r0(A, B) = r0(Ã, B̃), and J μi(A, B) =
J μi(Ã, B̃) for all eigenvalues μi.

(2) If rε1 = 1 and ε1 ≥ 1 for R(A, B), then R(Ã, B̃) = R(A, B) \ (rε1),
J μi(Ã, B̃) = (1) for a new eigenvalue μi, and J μj (A, B) = J μj (Ã, B̃)
for all μj 	= μi.

(3) R(A, B) = R(Ã, B̃), J μi(A, B) covers J μi(Ã, B̃) for one eigenvalue μi,
and J μj (A, B) = J μj (Ã, B̃) for all μj 	= μi.

(4) R(A, B) = R(Ã, B̃), J μi(Ã, B̃) = J μi(A, B) ∪ J μj (A, B) for one pair
of eigenvalues μi and μj, μi 	= μj, and J μk

(A, B) = J μk
(Ã, B̃) for all

μk 	= μi, μj.

Proof. The proof of the bundle case follows directly from Theorem 6.10 and
the covering rules for bundles of matrix pencils (given in Table 4 of Appendix C).
�

Notably, Theorem 6.11 has four rules in contrary to Theorem 6.10 which has
three rules. The additional rule (4) follows from that eigenvalues can coalesce
in the bundle case.

From the dual relation between the controllability pair (A, B) and the ob-
servability pair (A, C), it follows that replacing partition R with L in Theo-
rems 6.10 and 6.11 give the cover conditions for the observability pair (A, C).
The covering relations for orbits and bundles of the controllability pair in terms
of coin rules are given in Corollaries 6.12 and 6.13. The reformulations are done
using the definition of integer partitions and Theorem 6.1. In Tables 5 and 6
of Appendix C, these and the remaining covering relations for matrix pairs are
given. A larger example illustrating the usage of Corollary 6.13 is presented in
Section 6.4.

Corollary 6.12 Given the structure integer partitions R and J μi of (A, B),
one of the following if-and-only-if rules finds (Ã, B̃) where O(A, B) covers
O(Ã, B̃):

(1) Minimum rightward coin move in R.

(2) If the rightmost column in R is one single coin, move that coin to a new
rightmost column of some J μi (which may be empty initially).

(3) Minimum leftward coin move in any J μi .

Rules 1 and 2 are not allowed to do coin moves that affect r0.
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Corollary 6.13 Given the structure integer partitions R and J μi of (A, B),
one of the following if-and-only-if rules finds (Ã, B̃) where B(A, B) covers
B(Ã, B̃):

(1) Minimum rightward coin move in R.

(2) If the rightmost column in R is one single coin, move that coin to the first
column of J μi for a new eigenvalue μi.

(3) Minimum leftward coin move in any J μi .

(4) Let any pair of eigenvalues coalesce, i.e., take the union of their sets of
coins.

The major difference between the rules for matrix pencils and matrix pairs,
is that rule (4) (both for orbits and bundles) in Theorem 6.7 does not apply to
matrix pairs, since there is only one type of singular blocks (Li or LT

j ) in each
matrix pair type. Moreover, in rules (1) and (2) of Corollaries 6.12 and 6.13,
the pair (A, B) applies to the R partition only.

6.4 Illustrating the stratification of a state-space system

To illustrate the concept of stratification we consider a state-space system of
the same size as the one used in Example 6, with two states, three inputs and
one output (n = 2, m = 3 and p = 1):

S(λ) =
[
A B
C D

]
− λ

[
I2 0
0 0

]
, (6.52)

where A ∈ C2×2, B ∈ C2×3, C ∈ C1×2 and D ∈ C1×3. We assume that the
system does not have well-defined poles and zeros (eigenvalues), so we have
to work with the bundle stratification. To compute and visualize the closure
hierarchy graphs for the different system pencils in the examples we use the
software tool StratiGraph [33, 67].

The bundle stratification of general matrix pencils of size 3×5 can be repre-
sented by a graph with 26 different (canonical) structures, as in Figure 11. The
graph spans from the most generic case, L2 ⊕ L1 with codimension 0, to the
most degenerate case, 5L0 ⊕ 3LT

0 with codimension 30. This stratification does
not, however, consider the special structure of the system pencil S(λ) and there-
fore generates canonical structures in the closure hierarchy that are in fact not
possible for the system (6.52). Moreover, for matrix pencils the stratification
procedure makes no distinction between finite and infinite elementary divisors
(eigenvalues).

Instead we associate the state-space system with a matrix quadruple
(A, B, C, D). Even though we do not have the covering relations for matrix
quadruples we can generate all 18 possible structures for S(λ). They are listed
in Table 2 with their corresponding bundle codimensions in the leftmost col-
umn, where the most and least generic structures are derived in Example 11. In
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Figure 11: The window on the left shows the complete stratification of the
bundles of 3×5 general matrix pencils. The light grey area marks
the possible canonical structures for a matrix triple and together
with the dark grey area for a matrix quadruple. The window on
the right shows the corresponding canonical structures associated
with the nodes in the graph.
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Figure 11, the corresponding structures are highlighted by the union of the dark
and light grey areas. Moreover, the stratification procedure for matrix quadru-
ples identifies infinite and finite elementary divisors and treat them separately.
For example, the structure 2L0 ⊕ J2(μ1) ⊕ J1(μ2) (node 7:2) for the general
matrix pencil splits into two different structures in the matrix quadruple case:

• 2L0 ⊕ J2(μ1) ⊕ N1 corresponding to a system with one finite elementary
divisor of order two (a finite zero at μ1 of order two), one infinite ele-
mentary divisor of order one, and the column minimal indices ε1 = 0 and
ε2 = 0.

• 2L0 ⊕ J1(μ1) ⊕ N2 corresponding to a system with one finite elementary
divisor of order one (a finite zero at μ1 of order one), one infinite elemen-
tary divisor of order two (a infinite zero of order one), and the column
minimal indices ε1 = 0 and ε2 = 0.

By only considering the subsystem of S(λ) corresponding to the matrix
triple (A, B, C), we get the subset of structures in Table 2 with no infinite
elementary divisors of order one, i.e., no N1 blocks (as we concluded in the end
of Section 3.5). In Table 2, the codimensions are presented for the bundles of the
matrix triples when they can appear in the closure hierarchy, and in Figure 11
the possible canonical structures for triples are highlighted by the light grey
area. The most and least generic triples are derived in Example 11. The bundle
of the matrix triple associated with the second order state-space system (3.30)
considered in Example 6, with KCF 2L0 ⊕ J1(μ1) ⊕ N2, is represented by the
node 7:2 in Figure 11 and as we can see in Table 2 it has codimension 2.

Now, consider the subsystems associated with the controllability pair (A, B)
and the observability pair (A, C), where the controllability system pencil

SC(λ) =
[
A B

]− λ
[
I2 0

]
,

is 2 × 5 and the observability system pencil

SO(λ) =
[
A
C

]
− λ

[
I2

0

]
,

is 3 × 2. By using the stratification rules in Tables 5 and 6 of Appendix C, we
can compute the complete closure hierarchy graph. The stratification of bundles
of the matrix pairs (A, B) and (A, C) are illustrated by graphs (a) and (c) in
Figure 12, and in graphs (b) and (d) we show the stratification for orbits.

We now show step by step the procedure to get the complete bundle strat-
ification of the controllability pair (A, B), as shown in graph (a) of Figure 12.
We can, e.g., start by determining the most generic case which corresponds
to a controllable system (or the most degenerate case if we work the opposite
way). As we have shown in Example 12 the most generic structure has the KCF
2L1 ⊕ L0 with the corresponding BCF:[

AB BB

]− λ
[
In 0

]
=

[
0 0 1 0 0
0 0 0 1 0

]
− λ

[
1 0 0 0 0
0 1 0 0 0

]
.
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Table 2: All possible canonical structures for a state-space system with
two states, three inputs and one output. The bundle codimen-
sions for the associated matrix quadruple and triple are listed
in the first two columns, and the label for the corresponding
node in Figure 11 in the last column.

cod(B(∗)) Node label
(A, B, C, D) (A, B, C) Canonical structure (KCF) in Fig. 11

0 – 2L1 ⊕ N1 2:1
1 – L2 ⊕ L0 ⊕ N1 3:1
2 – L1 ⊕ L0 ⊕ J1(μ1) ⊕ N1 4:1
3 0 L1 ⊕ L0 ⊕ N2 5:1
4 – 2L0 ⊕ J1(μ1) ⊕ J1(μ2) ⊕ N1 6:1
5 – 2L0 ⊕ J2(μ1) ⊕ N1 7:2
5 2 2L0 ⊕ J1(μ1) ⊕ N2 7:2
5 2 2L1 ⊕ L0 ⊕ LT

0 8:1
6 3 2L0 ⊕ N3 8:2
7 – 2L0 ⊕ 2J1(μ1) ⊕ N1 9:1
7 4 L2 ⊕ 2L0 ⊕ LT

0 10:1
7 4 L1 ⊕ 2L0 ⊕ LT

1 10:3
8 5 L1 ⊕ 2L0 ⊕ LT

0 ⊕ J1(μ1) 11:1
9 6 3L0 ⊕ LT

2 12:1
10 7 3L0 ⊕ LT

1 ⊕ J1(μ1) 13:1
11 8 3L0 ⊕ LT

0 ⊕ J1(μ1) ⊕ J1(μ2) 14:1
12 9 3L0 ⊕ LT

0 ⊕ J2(μ1) 15:1
14 11 3L0 ⊕ LT

0 ⊕ 2J1(μ1) 17:1

By considering the controllability pair in BCF we can directly see that (A, B)
is controllable; rank

([
AB BB

]− λ
[
In 0

])
= 2 for all λ ∈ C. We can also see

that it has three (m = 3) L blocks of which one (3 − rank(BB) = 1) is an L0

block.
This is the topmost node in the graph and by using the appropriate formula

in Appendix B we can also determine that it has codimension 0. The next step
is to decide which bundle(s) that is (are) covered by B(2L1 ⊕ L0). This is done
by using the rules (1)–(4) in the bottom left part of Table 5 of Appendix C.

The first rule tells us to do a minimum rightward coin move on R. The only
possible choice is to move the topmost coin from r1 to r2:

R: ⇒ R: ,

which gives the structure L2 ⊕ 2L0. The second rule is not applicable because
the rightmost coin in R is not a single coin, as well as the third and fourth rules
because we have no Jordan blocks. So the only bundle covered by B(2L1 ⊕ L0) is
the bundle with KCF L2⊕2L0 which has codimension 2 and also is controllable,
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Figure 12: The stratification of: (a) (A, B)-bundles (n = 2, m = 3), (b)
(A, B)-orbits (n = 2, m = 3), (c) (A, C)-bundles (n = 2, p = 1),
and (d) (A, C)-orbits (n = 2, p = 1).
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which also can be seen from its BCF:[
AB BB

]− λ
[
In 0

]
=

[
0 1 0 0 0
0 0 1 0 0

]
− λ

[
1 0 0 0 0
0 1 0 0 0

]
.

We continue by repeating the procedure for L2 ⊕ 2L0. The first rule is not
applicable because the only possible minimum rightward coin move affects r0

which is not allowed. As before, since there are no Jordan blocks in L2 ⊕ 2L0

the last two rules can also not be applied. However, with rule (2) we can remove
the last coin from R and create a new set J μ1 = (1):

R: ⇒ R: , J μ1 : ,

which gives the KCF L1⊕2L0⊕J1(μ1) which corresponds to a system with one
uncontrollable mode at μ1. Looking at the corresponding BCF:[

AB BB

]− λ
[
In 0

]
=

[
0 0 1 0 0
0 μ1 0 0 0

]
− λ

[
1 0 0 0 0
0 1 0 0 0

]
,

we can see that rank
([

AB BB

]− μ1

[
In 0

])
= 1 and the diagonal entry μ1

corresponds to the uncontrollable mode.
In the following, we only mention the rules that are applicable on each

canonical structure. There is actually only one rule in each step that is allowed.
Notably, the graph never splits into two or more branches in this example, as
will happen in the orbit case.

Once again we can apply rule (2); now to the structure L1 ⊕ 2L0 ⊕ J1(μ1):

R: , J μ1 : ⇒ R: , J μ1 : , J μ2 : ,

which gives the KCF 3L0⊕J1(μ1)⊕J1(μ2) corresponding to a system with two
uncontrollable modes at μ1 and μ2. The corresponding BCF is[

AB BB

]− λ
[
In 0

]
=

[
μ1 0 0 0 0
0 μ2 0 0 0

]
− λ

[
1 0 0 0 0
0 1 0 0 0

]
,

where the two uncontrollable modes are the diagonal elements of AB.
The fourth rule can be applied to 3L0 ⊕ J1(μ1) ⊕ J1(μ2):

R: , J μ1 :
⋃ J μ2 : ⇒ R: , J μ1 : ,

which gives the KCF 3L0⊕J2(μ1) with one uncontrollable mode of multiplicity
two and with the corresponding BCF:[

AB BB

]− λ
[
In 0

]
=

[
μ1 1 0 0 0
0 μ1 0 0 0

]
− λ

[
1 0 0 0 0
0 1 0 0 0

]
.
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Finally, we can apply rule (3) to 3L0 ⊕ J2(μ1):

R: , J μ1 : ⇒ R: , J μ1 : ,

which gives the KCF 3L0⊕2J1(μ1) with two uncontrollable multiple modes and
with the corresponding BCF:

[
AB BB

]− λ
[
In 0

]
=

[
μ1 0 0 0 0
0 μ1 0 0 0

]
− λ

[
1 0 0 0 0
0 1 0 0 0

]
.

By examining the closure hierarchy we get qualitative information about
systems under small perturbations. From the stratification in graph (a) of Fig-
ure 12 we can see that the two most generic cases are completely controllable
(they have no uncontrollable modes), the structure with codimension 3 has one
uncontrollable mode, and so forth. If the upper and lower bounds for the dis-
tance from a given controllable structure to the nearest uncontrollable could
be presented, we would also know a quantitative measure on how sensitive the
controllable system is for small changes. The work to include this quantita-
tive information is in progress and will be available in the forthcoming Matrix
Canonical Toolbox for Matlab [65], in which StratiGraph [67] has been incor-
porated (see upcoming Ph.D. Thesis of Pedher Johansson).

Finally, let us return to Example 6 where the controllable and observable
second order state-space system (3.30) has the controllability pair L2 ⊕ 2L0

and the observability pair LT
2 . As we can see in graph (a) of Figure 12 the

controllability pair is not the most generic case, so it can by a small perturbation
become the structure 2L1 ⊕ L0, which is also controllable. However, the more
degenerate case L1 ⊕ 2L0 ⊕ J1(μ1) is uncontrollable with one uncontrollable
mode. By computing a lower bound to this system, which is the “nearest” (in
complex arithmetic) uncontrollable system in the closure hierarchy, we get a
measure on the sensitivity of controllability for the state-space system (3.30).

The observability pair on the other hand is already the most generic case.
But as we showed in Example 6 the structure could be very close the more
degenerate case LT

1 ⊕ J1(μ1), with the unobservable mode μ1, if the state-space
system (3.30) has γ close to zero. And in graph (c) we can see that all less
generic structures are also unobservable.
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7 Software for systems and control

In the February 2004 issue of IEEE Control Systems Magazine, the topic of
numerical awareness in the systems and control community is addressed. As
the systems and control problems become larger and more complex, the need
for efficient and numerically stable software is growing. As a result, a great
effort has in the last 25 years been spent on developing new routines and al-
gorithms. However, as pointed out in [107], papers dealing with problems for
systems and control seldom make proper use of terms like numerical stability,
problem conditions, accuracy and computational efficiently. Moreover, software
and algorithms for computer-aided control system design (CACSD) are often
developed by scientists and engineers in systems and control with limited nu-
merical knowledge. To attack these problems, a joint work between control
specialists, computing scientists and mathematicians is required.

One control group that actively address these problems is the European net-
work called NICONET (Numerics in Control Network). NICONET started in
1997 by the initiative of WGS (Working Group of Software), NAG (Numeri-
cal Algorithms Group, Oxford, U.K.), and DLR (Deutsches Zentrum für Luft-
und Raumfahrt e.V., Oberpfaffenhofen, Germany) and is today a cooperation
between 11 universities/research institutes and six companies. The main goal
in NICONET is to develop high-quality CACSD software. This work has re-
sulted in the numerical library SLICOT (Subroutine Library in Control Theory)
[6, 102], which is freely available for non-commercial usage. The SLICOT li-
brary is implemented in Fortran 77 and based on linear algebra routines in BLAS
(Basic Linear Algebra Subprograms) [27, 28, 77] and LAPACK (Linear Algebra
Package) [1], and consists of a broad range of routines (about 400) for design
and analysis of control systems. Matlab

5 and Scilab6 [55] functions to call the
SLICOT Fortran library have also been developed and several Matlab Tool-
boxes based on SLICOT exist. The SLICOT library and additional software can
be found on the NICONET homepage (http://www.win.tue.nl/niconet/). There
also exist a web portal where it is possible to access several of the SLICOT
routines from a web browser. The NICONET Web Computing [35] facilities can
be found on the web site http://webcomputing.hpc2n.umu.se/.

Another major CACSD library is the RASP library, which is a product of
DLR. The last official release is RASP’95. The development of the SLICOT
and RASP libraries are today coordinated and all recently developed routines
are included in the SLICOT library.

The GUPTRI software package provides routines to compute the GUP-
TRI (generalized Schur-staircase) forms of general matrix pencils with error
bounds [24, 25] (see Section 4.1). The GUPTRI package, which is imple-
mented in Fortran 77, can be found on the web site http://www.cs.umu.se/
research/nla/singular pairs/guptri/. Gateway functions to access the GUPTRI

5
Matlab is a registered trademark of The MathWorks, Inc.

6Scilab is maintained and developed by the Scilab Consortium, and is distributed
freely as open source. Binaries and source code can be downloaded at Scilab’s web site
http://www.scilab.org/.
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Fortran functions from Matlab is also provided on the web site. Similar rou-
tines to compute staircase forms can be found in the SLICOT library and the
Descriptor Systems Toolbox for Matlab, see below.

For the purpose to determine and present a stratification, the software tool
StratiGraph has been developed [33, 66, 67]. The software is free for non-
commercial usage and is under continued development, where the most re-
cent version can be found on StratiGraph’s web site http://www.cs.umu.se/
research/nla/singular pairs/stratigraph/. StratiGraph is implemented in Java.
The current version (v 2.1) has support for stratification of matrices, matrix
pencils and matrix pairs. From version 2.0, it is possible to load two types of
plug-ins which can extend StratiGraph with new problem setups and new func-
tionalities. New possible problem setups are stratification of matrix triples and
matrix quadruples and an already existing functionality extension is a Matlab

interface. The StratiGraph developer’s guide [66] describes how to implement
new plug-ins.

The Matrix Canonical Structure (MCS) Toolbox for Matlab [65] provides
in the current pre-release7 (v 0.2) routines to compute, manipulate and present
the canonical structures of matrices, matrix pencils, and matrix pairs. The
aim of the MCS Toolbox is to provide a good understanding about the canon-
ical structure of a broad range of setups. As StratiGraph now is an integrated
part of the toolbox, the toolbox can give both quantitative information from
the Matlab functions, and qualitative information from StratiGraph’s graphi-
cal presentation. The Matlab functions are based on GUPTRI algorithms and
are extended with newly developed functions, e.g., to impose canonical struc-
tures on input data and to compute the distance between two nearby canonical
structures. StratiGraph can import canonical structures as well as quantitative
data, in form of upper and lower bounds to nearby structures, from Matlab and
present it together with the qualitative information.

Examples of stand-alone CACSD platforms are ANDECS and MOPS from
DLR, SimOffice from MSC.Software Corporation, and LabVIEW from National
Instruments Corporation. There also exist several software packages (toolboxes)
for commercial products not explicitly designed for CACSD, like Maple8, Math-
ematica9, Matlab and Scilab (non-commercial). In the following, we address
some of them.

The Control System Professional Suite from Wolfram Research extends Math-
ematica with a wide range of applications and numerical routines for CACSD.
For Maple there exists the Professional Math Toolbox for LabVIEW, which
extend LabVIEW with the symbolic and numerical capability of Maple.

MathWorks provides a number of toolboxes for CACSD for Matlab, for
example the Control System Toolbox, Robust Control Toolbox, System Identi-
fication Toolbox and the complementary software Simulink. In line of enhanc-
ing the numerical quality of CACSD software, a cooperate agreement between

7The MCS Toolbox is currently under development and will be made available at the same
web site as StratiGraph.

8Maple is a registered trademark of Waterloo Maple Inc.
9Mathematica is a registered trademark of Wolfram Research, Inc.
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NICONET and Mathworks has recently been arranged to replace some of the
old routines in the Control System Toolbox with the more robust routines in
SLICOT.

Another toolbox for Matlab is the Descriptor Systems Toolbox [106]
from DLR. It extends the Matlab Control System Toolbox with the ability
to handle descriptor systems and manipulate rational and polynomial matrices.
The Toolbox is based on the RASP-DESCRIPT [103] routines and partly on
the SLICOT library.

For periodic systems there exist the Periodic Systems Toolbox for Mat-

lab [108]. The toolbox is based in the RASP-PERIODIC package and routines
in SLICOT, and complemented with recently developed Matlab functions.
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8 Conclusion and future work

In this paper, we have given an introduction to stratification of orbits and bun-
dles with applications in systems and control. The necessary background theory
has been presented, both from a mathematical as well as from an applications
point of view using a unifying terminology and notation. The background the-
ory and the stratification theory have throughout the paper been explained with
illustrative examples.

The close relation between the Kronecker canonical form and the generalized
Brunovsky canonical form is well known. However, to our knowledge the explicit
expressions for the permutation matrices given in Section 3.6, which transform
a matrix pencil in KCF to GBCF, have not been derived before. Algorithms
to determine these two permutation matrices are also presented in the same
section.

In Section 6.3, the closure and cover conditions for orbits and bundles of
matrix pairs are derived, where the cover conditions are new results. In line with
previous work on matrices and matrix pencils, we have given the stratification
rules for matrix pairs, both the controllability pair (A, B) and the observability
pair (A, C).

The natural continuation of Section 6.3 is to derive both the closure and
cover conditions for orbits and bundles of matrix quadruples and matrix triples.
Other systems which are of interest are generalized state-space systems and
subsystems there of. All these systems are of great practical interest and arise
in several applications.
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between nearby Jordan and Kronecker structures in a closure hierarchy.
Journal of Mathematical Sciences, 114(6):1765–1779, 2003.
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[47] M. I. Garćıa-Planas and V. V. Sergeichuk. Simplest miniversal defor-
mations of matrices, matrix pencils, and contragredient matrix pencils.
Linear Algebra Appl., 302–303:45–61, 1999.
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A Transformations of system pencils

Given the state-space system

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

(A.1)

the generalized state-space system

Eẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

(A.2)

or subsystems of these, the following transformations are defined. If not other-
wise specified, E, A ∈ Cn×n, B ∈ Cn×m, C ∈ Cp×n and D ∈ Cp×m. We also
assume that the complete transformation matrices, which are applied from the
left and right hand sides of the system pencil, are nonsingular.

A.1 Matrix quadruples

Let P ∈ Gln(C), T ∈ Glp(C), Q ∈ Glm(C), S ∈ Cn×p and R ∈ Cm×n.
Then the following six transformations are defined for matrix quadruples. Notice
that the transformations 1 and 2 together form a similarity transformation.

1. Left multiplication (row operation on the system):[
P 0
0 Ip

] [
A − λI B

C D

] [
In 0
0 Im

]
=

[
P (A − λI) PB

C D

]
(A.3)

2. State-coordinate transformation:[
In 0
0 Ip

] [
A − λI B

C D

] [
P−1 0

0 Im

]
=

[
(A − λI)P−1 B

CP−1 D

]
(A.4)

3. Input-coordinate transformation:[
In 0
0 Ip

] [
A − λI B

C D

] [
In 0
0 Q−1

]
=

[
A − λI BQ−1

C DQ−1

]
(A.5)

4. State-feedback transformation:[
In 0
0 Ip

] [
A − λI B

C D

] [
In 0
R Im

]
=

[
(A + BR) − λI B

C + DR D

]
(A.6)

5. Output-coordinate transformation:[
In 0
0 T

] [
A − λI B

C D

] [
In 0
0 Im

]
=

[
A − λI B

TC TD

]
(A.7)

6. Output-injection transformation:[
In S
0 Ip

] [
A − λI B

C D

] [
In 0
0 Im

]
=

[
(A − λI) + SC B + SD

C D

]
(A.8)
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Generalized Γ-equivalence

Generalized Γ-equivalence is defined from the product of the six elementary
transformations given above (e.g., see [64]).[

In 0
0 T

] [
In S
0 Ip

] [
P 0
0 Ip

] [
A − λI B

C D

] [
P−1 0

0 Im

] [
In 0
R Im

] [
Im 0
0 Q−1

]

=
[
P S
0 T

] [
A − λI B

C D

] [
P−1 0
R Q−1

]

=
[
P
(
A − λI

)
P−1 + SCP−1 + PBR + SDR PBQ−1 + SDQ−1

TCP−1 + TDR TDQ−1

]
.

(A.9)

Transformations on generalized state-space systems

Given a generalized state-space system with E, A ∈ Cq×n and B ∈ Cq×m, the
restricted system equivalence with a transformation on the state-space and a left
multiplication is defined as:[

P 0
0 Ip

] [
A − λE B

C D

] [
Z 0
0 Im

]
=

[
P (A − λE)Z PB

CZ D

]
, (A.10)

where P ∈ Glq(C) and Z ∈ Gln(C) (e.g., see [91, 96]).

A.2 Matrix triples

All six transformations, (A.3)–(A.8), that are defined for matrix quadruples are
also defined for matrix triples.

For generalized matrix triples there are also the restricted system equivalence
(A.10) and the derivative-feedback transformation defined as:[

In 0
0 Ip

] [
A − λE B

C 0

] [
In 0
K Im

]
=

[
A − (λE − BK) B

C 0

]
, (A.11)

where K ∈ Cm×n.

Generalized Γ-equivalence

For matrix triples, the generalized Γ-equivalence is defined in the same way as
for matrix quadruples except D ≡ 0 (e.g., see [82, 64]):[

P S
0 T

] [
A − λI B

C 0

] [
P−1 0
R Q−1

]

=
[
P
(
A − λI

)
P−1 + SCP−1 + PBR PBQ−1

TCP−1 0

]
.

(A.12)
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A.3 Matrix pairs

The transformations (A.3)–(A.6) are defined for the controllability pair (A, B)
and the transformations (A.3)–(A.4) and (A.7)–(A.8) are defined for the ob-
servability pair (A, C).

Γ-equivalence

The Γ-equivalence for the controllability pair (A, B) is defined as:

P
[
A − λI B

] [P−1 0
R Q−1

]
=

[
P (A − λI)P−1 + PBR PBQ−1

]
, (A.13)

where P ∈ Gln(C), Q ∈ Glm(C) and R ∈ Cm×n (e.g., see [114, 64, 58]). Other
names for the same equivalence transformation are block similar [52] and action
of the state feedback group [39]. A variant is called the full feedback group action
[62].

The corresponding Γ-equivalence for the observability pair (A, C) is defined
as: [

P S
0 T

] [
A − λI

C

]
P−1 =

[
P (A − λI)P−1 + SCP−1

TCP−1

]
, (A.14)

where P ∈ Gln(C), T ∈ Glp(C) and S ∈ Cn×p.

Transformations on generalized matrix pairs

Let E, A ∈ C
q×n and B ∈ C

q×m. Then the transformations corresponding
to (A.11) and (A.3)–(A.6) with A − λI replaced by A − λE are defined, where
now P ∈ Glq(C), R ∈ Gln(C), Q ∈ Glm(C) and R, K ∈ Cm×n (e.g., see
[63, 78, 115]): left multiplication (A.3), state-coordinate transformation (A.4),
input-coordinate transformation (A.5), state-feedback transformation (A.6) and
the derivative-feedback transformation (A.11).

Restricted system equivalence

Restricted system equivalence for the generalized matrix pairs (E, A, B) and
(E, A, C) is defined as:

P
[
A − λE B

] [Z 0
0 Im

]
=

[
P (A − λE)Z PB

]
, (A.15)

and [
P 0
0 Ip

] [
A − λE

C

]
Z =

[
P (A − λE)Z

CZ

]
, (A.16)

respectively (e.g., see [62]).
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Proportional and derivative feedback transformations

The proportional feedback transformation (e.g., see [63, 115]) (or generalized
feedback transformation [62]) is defined as:

P
[−λE A B

]⎡⎣Z 0 0
0 Z 0
0 R Q−1

⎤⎦
=

[−λPEZ P (AZ + BR) PBQ−1
]
,

(A.17)

The proportional plus derivative feedback transformations (e.g., see [63, 115])
is defined as:

P
[−λE A B

]⎡⎣Z 0 0
0 Z 0
K R Q−1

⎤⎦
=

[−λPEZ + PBK P (AZ + BR) PBQ−1
]
.

(A.18)

Strong equivalence

Let E, A ∈ Cn×n and B ∈ Cn×m. Then if a generalized matrix pair (E, A, B)
can be transformed into another, (Ẽ, Ã, B̃), with a finite sequence of the follow-
ing two operations they are strongly equivalent (e.g., see [62, 110]):

1. Operations of strong equivalence:[
Ã − λẼ B̃

]
= P

[
A − λE B

] [Z X
0 Im

]
=

[
PAZ − λPEZ P (AX + B)

]
,

where P, Z ∈ Gln(C), X ∈ Cn×m and EX = 0.

2. Trivial augmentation/deflation:

Ẽ =
[
E 0
0 0k×k

]
, Ã =

[
A 0
0 Ik

]
and B̃ =

[
B

0k×m

]
, for some k ∈ N.
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B Codimensions of orbits and bundles

Given below are the explicit expressions for computing the codimension of the
state-space system (or parts of)

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t),

where A ∈ Cn×n, B ∈ Cn×m, C ∈ Cp×n and D ∈ Cp×m, and the general
matrix pencil A − λB, where A, B ∈ Cm×n, with the following invariants:

• The column minimal indices ε = (ε1, . . . , εr1 , εr1+1, . . . , εr0), where εi ≥ 1
for i = 1, . . . , r1 and εi = 0 for i = r1 + 1, . . . , r0.

• The row minimal indices η = (η1, . . . , ηl1 , ηl1+1, . . . , ηl0), where ηi ≥ 1 for
i = 1, . . . , l1 and ηi = 0 for i = l1 + 1, . . . , l0.

• The Segre characteristics hμi = (h(i)
1 , . . . , h

(i)
gi ), for the finite eigenvalue μi,

i = 1, . . . , q.

• The Segre characteristics s = (s1, . . . , st, st+1, . . . , sg∞), for the infinite
eigenvalue where si ≥ 2 for i = 1, . . . , t and si = 1 for i = t + 1, . . . , g∞.

The codimension of an orbit/bundle can explicitly be determined from the
above invariants. In the following, we summarize how the codimension is com-
puted in the orbit case. For all systems the codimension of the bundle is given
as:

cod(B(∗)) = cod(O(∗)) − (number of distinct eigenvalues).

Codimension of the orbit of a n × n matrix A [21]:

cod(A) =
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j . (B.19)

Comments: (B.19) comes from the sizes of the Jordan blocks for the finite
eigenvalues.
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Codimension of the orbit of a general m×n matrix pencil A − λB [21]:

cod(A − λB) =
∑

εi>εj

(εi − εj − 1) (B.20)

+
∑

ηi>ηj

(ηi − ηj − 1) (B.21)

+
∑
εi,ηj

(εi + ηj + 2) (B.22)

+ (r0 + l0)

⎛⎝ q∑
i=1

gi∑
j=1

h
(i)
j +

g∞∑
j=1

sj

⎞⎠ (B.23)

+
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j +

g∞∑
j=1

(2j − 1)sj . (B.24)

Comments: (B.20) and (B.21) come from the interaction between the L
blocks and the LT blocks, respectively. (B.22) comes from the interaction be-
tween the right and left singular blocks and is the summation over all pairs of
Lεi and LT

ηj
blocks. (B.23) is the product of the number of right singular blocks

and the total size of the regular part, and (B.24) comes from the sizes of the
Jordan blocks (as in (B.19)) for the finite and infinite eigenvalues.

Codimension of the orbit of a controllability pair (A, B) [39]:

cod(A, B) =
∑

εi>εj

(εi − εj − 1) (B.25)

+ r0

q∑
i=1

gi∑
j=1

h
(i)
j (B.26)

+
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j . (B.27)

Comments: (B.25) comes from the interaction between the L blocks, (B.26)
is the product of the number of right singular blocks and the total size of the
regular part, and (B.27) comes from the sizes of the Jordan blocks for the finite
eigenvalues.

The controllability system pencil
[
A − λIn B

]
has full row-rank and cannot

have LT blocks or infinite eigenvalues.
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Codimension of the orbit of an observability pair (A, C):

cod(A, C) =
∑

ηi>ηj

(ηi − ηj − 1) (B.28)

+ l0

q∑
i=1

gi∑
j=1

h
(i)
j (B.29)

+
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j . (B.30)

Comments: (B.28) comes from the interaction between the LT blocks, (B.29)
is the product of the number of left singular blocks and the total size of the
regular part, and (B.30) comes from the sizes of the Jordan blocks for the finite
eigenvalues.

The observability system pencil
[
A − λIn

C

]
has full column-rank and cannot

have L blocks or infinite eigenvalues. The terms (B.28)–(B.30) follow by duality
from the results for the controllability pair.
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Codimension of the orbit of a triple (A, B, C) [51]:

cod(A, B, C) =
∑

εi>εj

(εi − εj − 1) (B.31)

+
∑

ηi>ηj

(ηi − ηj − 1) (B.32)

+
∑
εi,ηj

(εi + ηj) (B.33)

+ (r0 + l0)
q∑

i=1

gi∑
j=1

h
(i)
j (B.34)

+
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j (B.35)

+
t∑

i=1

(2i − 1)(si − 2) (B.36)

+ (m − r1 − t)
t∑

i=1

(si − 2) (B.37)

+ (p − l1 − t)
t∑

i=1

(si − 2) (B.38)

+

{∑t
i=1(si − 2), if r1 > 0,

0, otherwise
(B.39)

+

{∑t
i=1(si − 2), if l1 > 0,

0, otherwise.
(B.40)

Comments: In the following, Aε, Aη, A∞, and Aμ refer to blocks in GBCF.

(B.31) and (B.32) come from the interaction between the L blocks and the
LT blocks, respectively. (B.33) comes from the interaction between the right
and left singular blocks and is the summation over all pairs of Lεi and LT

ηj

blocks in Aε and Aη, respectively. (B.34) is the product of the number of right
singular blocks and the size of the block Aμ. (B.35) comes from the sizes of the
Jordan blocks for the finite eigenvalues, and (B.36) from the sizes of the Jordan
blocks for the infinite eigenvalue in A∞. (B.37) and (B.38) are the products of
the number of L0 and LT

0 blocks, respectively, and the size of A∞ minus t (t is
the number of Ni blocks of size i ≥ 2). (B.39) and (B.40) add for each existing
block Aε and Aη, the size of A∞ minus t.
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Codimension of the orbit of a quadruple (A, B, C, D) [49]:

cod(A, B, C, D) =
∑

εi>εj

(εi − εj − 1) (B.41)

+
∑

ηi>ηj

(ηi − ηj − 1) (B.42)

+
∑
εi,ηj

(εi + ηj) (B.43)

+ (r0 + l0)
q∑

i=1

gi∑
j=1

h
(i)
j (B.44)

+
q∑

i=1

gi∑
j=1

(2j − 1)h(i)
j (B.45)

+
t∑

i=1

(2i − 1)(si − 2) (B.46)

+ (m − r1 − g∞)
t∑

i=1

(si − 2) (B.47)

+ (p − l1 − g∞)
t∑

i=1

(si − 2) (B.48)

+

{∑t
i=1(si − 2), if r1 > 0,

0, otherwise
(B.49)

+

{∑t
i=1(si − 2), if l1 > 0,

0, otherwise
(B.50)

+ (r0 + t)(l0 + t). (B.51)

Comments: In the following, Aε, Aη, A∞, Aμ, D∞, and DB refer to blocks
in GBCF.

(B.41) and (B.42) come from the interaction between the L blocks and the
LT blocks, respectively. (B.43) comes from the interaction between the right
and left singular blocks and is the summation over all pairs of Lεi and LT

ηj

blocks in Aε and Aη, respectively. (B.44) is the product of the number of right
singular blocks and the size of the block Aμ. (B.45) comes from the sizes of the
Jordan blocks for the finite eigenvalues, and (B.46) from the sizes of the Jordan
blocks for the infinite eigenvalue in A∞. (B.47) and (B.48) are the products of
the number of L0 and LT

0 blocks, respectively, and the size of A∞ minus t (t is
the number of Ni blocks of size i ≥ 2). (B.49) and (B.50) add for each existing
block Aε and Aη, the size of A∞ minus t. (B.51) is the size of DB minus its
rank (size of D∞).
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C Stratification rules of orbits and bundles

In this appendix, we summarize the stratification rules for orbits and bun-
dles of matrices, matrix pencils, and matrix pairs. From the integer partitions
representing the canonical structure (information) of an orbit or a bundle, the
stratification rules find covering and covered orbits or bundles, respectively. The
following structure integer partitions are defined for each system, where each
partition has a corresponding set of coins (see Section 3.4 for definitions):

• J μi for a matrix A, μi ∈ C.

• R, L and J μi for a matrix pencil A − λB, μi ∈ C.

• R and J μi for a controllability pair (A, B), μi ∈ C.

• L and J μi for an observability pair (A, C), μi ∈ C.

Stratification rules of orbits and bundles of a matrix A

Table 3: Given the structure integer partitions J μi
of A, one of the

following if-and-only-if rules finds eA fulfilling orbit or bundle
covering relations with A [2, 30].

A. O(A) covers O( eA):

(1) Minimum leftward coin move in
any J μi

.

B. O(A) is covered by O( eA)

(1) Minimum rightward coin move in
any J μi

.

C. B(A) covers B( eA):

(1) Minimum leftward coin move in
any J μi

.

(2) Let any pair of eigenvalues coa-
lesce, i.e., take the union of their
sets of coins.

D. B(A) is covered by B( eA):

(1) Minimum rightward coin move in
any J μi

.

(2) For any J μi
, divide the set of

coins into two new sets so that
their union is J μi

.

For orbits (cases A and B), the number of eigenvalues and the total size of
all blocks associated with the same eigenvalue are the same for all orbits in the
closure hierarchy. This in contrast to bundles (cases C and D) where eigenvalues
can coalesce and split apart, respectively.
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Stratification rules of orbits and bundles of a matrix pencil A − λB

Table 4: Given the structure integer partitions L, R and J μi
of

A − λB, where μi ∈ C, one of the following if-and-only-if
rules finds eA − λeB fulfilling orbit or bundle covering relations
with A − λB [30].

A. O(A − λB) covers O( eA − λeB):

(1) Minimum rightward coin move in
R (or L).

(2) If the rightmost column in R (or
L) is one single coin, move that
coin to a new rightmost column
of some J μi

(which may be empty
initially).

(3) Minimum leftward coin move in
any J μi

.

(4) Let k denote the total number
of coins in all of the longest (=
lowest) rows from all of the J μi

.
Remove these k coins, add one
more coin to the set, and dis-
tribute k + 1 coins to rp, p =
0, . . . , t and lq, q = 0, . . . , k − t −
1 such that at least all nonzero
columns of R and L are given
coins.

Rules 1 and 2 are not allowed to do coin
moves that affect r0 (or l0).

B. O(A − λB) is covered by

O( eA − λeB):

(1) Minimum leftward coin move in
R (or L), without affecting r0 (or
l0).

(2) If the rightmost column in some
J μi

consists of one coin only,
move that coin to a new rightmost
column in R (or L), where R (or
L) is previously non-empty.

(3) Minimum rightward coin move in
any J μi

.

(4) Remove one coin from each col-
umn of R and L. Subtract one
coin from this set and distribute
the remaining coins on all J μi

as follows. First, all nonzero
columns in each set for all eigen-
values are given one coin each.
Remaining coins are assigned to
new (rightmost) columns of exist-
ing J μi

or on new sets (for new
eigenvalues).
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C. B(A − λB) covers B( eA − λeB):

(1) Same as rule 1 above.

(2) Same as rule 2 above, except it
is only allowed to start a new set
corresponding to a new eigenvalue
(i.e., no appending to nonempty
sets).

(3) Same as rule 3 above.

(4) Same as rule 4 above, but apply
only if there exists only one set of
coins corresponding to one eigen-
value, or if all sets corresponding
to each eigenvalue have at least
two rows of coins.

(5) Let any pair of eigenvalues coa-
lesce, i.e., take the union of their
sets of coins.

D. B(A − λB) is covered by

B( eA − λeB):

(1) Same as rule 1 above.

(2) Same as rule 2 above, except that
J μi

must consist of one coin only.

(3) Same as rule 3 above.

(4) Same as rule 4 above, except that
a new set for a new eigenvalue
may only be created if there exist
no J μi

. If a new set is created,
all coins should be assigned to it
and create one row.

(5) For any J μi
, divide the set of

coins into two new partitions so
that their union is J μi

.

The restriction for rules A.(1) and A.(2) implies that the number of left and
right singular blocks remain fixed, while rule (4) adds one new block of each
kind and rule (3) corresponds to the nilpotent case. Rule (4) cannot be applied
if the total number of nonzero columns in R and L are more than k + 1. If the
rule can be applied, at least one coin must be assigned to R and L, respectively.
Expressed in KCF, the restriction of rule C.4 means that it can only be applied
if there is just one eigenvalue or if all eigenvalues have at least two Jordan blocks.

Notably, the structure integer partition J μi represents the eigenvalues of the
extended complex plane, i.e., μi ∈ C ∪ {∞}.
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Stratification rules of orbits and bundles of a controllability pair (A, B)

Table 5: Given the structure integer partitions R and J μi
of (A, B),

one of the following if-and-only-if rules finds ( eA, eB) fulfilling
orbit or bundle covering relations with (A,B).

A. O(A,B) covers O( eA, eB)

(1) Minimum rightward coin move in
R.

(2) If the rightmost column in R is
one single coin, move that coin
to a new rightmost column of
some J μi

(which may be empty
initially).

(3) Minimum leftward coin move in
any J μi

.

Rules 1 and 2 are not allowed to do coin
moves that affect r0.

B. O(A, B) is covered by O( eA, eB)

(1) Minimum leftward coin move in
R, without affecting r0.

(2) If the rightmost column in some
J μi

consists of one coin only,
move that coin to a new rightmost
column in R.

(3) Minimum rightward coin move in
any J μi

.

C. B(A, B) covers B( eA, eB)

(1) Same as rule 1 above.

(2) Same as rule 2 above, except it
is only allowed to start a new set
corresponding to a new eigenvalue
(i.e., no appending to nonempty
sets).

(3) Same as rule 3 above.

(4) Let any pair of eigenvalues coa-
lesce, i.e., take the union of their
sets of coins.

D. B(A, B) is covered by B( eA, eB)

(1) Same as rule 1 above.

(2) Same as rule 2 above, except that
J μi

must consist of one coin only.

(3) Same as rule 3 above.

(4) For any J μi
, divide the set of

coins into two new sets so that
their union is J μi

.

The rules for the matrix pair (A, B) differ from the rules for a general matrix
pencil in that rule (4) in Table 4 (both for orbits and bundles) cannot be ap-
plied to the matrix pair (A, B), since there cannot exist LT blocks in (A, B).
Moreover, rules (1) and (2) only apply to the structure integer partition R.
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Stratification rules of orbits and bundles of a observability pair (A, C)

Table 6: Given the structure integer partitions L and J μi
of (A, C),

one of the following if-and-only-if rules finds ( eA, eC) fulfilling
orbit or bundle covering relations with (A, C).

A. O(A, C) covers O( eA, eC):

(1) Minimum rightward coin move in
L.

(2) If the rightmost column in L is
one single coin, move that coin
to a new rightmost column of
some J μi

(which may be empty
initially).

(3) Minimum leftward coin move in
any J μi

.

Rules 1 and 2 are not allowed to do coin
moves that affect l0.

B. O(A,C) is covered by O( eA, eC):

(1) Minimum leftward coin move in
L, without affecting l0.

(2) If the rightmost column in some
J μi

consists of one coin only,
move that coin to a new rightmost
column in L.

(3) Minimum rightward coin move in
any J μi

.

C. B(A, C) covers B( eA, eC):

(1) Same as rule 1 above.

(2) Same as rule 2 above, except it
is only allowed to start a new set
corresponding to a new eigenvalue
(i.e., no appending to nonempty
sets).

(3) Same as rule 3 above.

(4) Let any pair of eigenvalues coa-
lesce, i.e., take the union of their
sets of coins.

D. B(A, C) is covered by B( eA, eC):

(1) Same as rule 1 above.

(2) Same as rule 2 above, except that
J μi

must consist of one coin only.

(3) Same as rule 3 above.

(4) For any J μi
, divide the set of

coins into two new sets so that
their union is J μi

.

The rules for the matrix pair (A, C) differ from the rules for a general matrix
pencil in that rule (4) in Table 4 (both for orbits and bundles) cannot be applied
to the matrix pair (A, C), since there cannot exist L blocks in (A, C). Moreover,
rules (1) and (2) only apply to the structure integer partition L.

Notably, the rules for the matrix pair (A, C) are dual to those for the matrix
pair (A, B).
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D Notation

inf{A} The greatest lower bound of a set A.
sup{A} The least upper bound of a set A.
A ⊇ B The set B is a subset of A, i.e., every member of B

is a member of A.
A ⊃ B The set B is a proper subset of A, i.e., A ⊇ B and

A 	= B.
κ κ = (κ1, κ2, . . .) is an integer partition with κ1 ≥

κ2 ≥ · · · ≥ 0. Also ν and τ are used.∑
κ The sum κ1 + κ2 + · · · of κ.

κ + m (κ1 + m, κ2 + m, . . .) where m is a scalar.
conj(κ) The conjugate partition of κ.
κ ∪ ν The union of κ and ν.
κ \ ν The difference between κ and ν.
κ ≥ ν κ1 + · · · + κi ≥ ν1 + · · · + νi for all i = 1, 2, . . .
κ > ν κ dominates ν, i.e., κ ≥ ν and κ 	= ν.
N The field of natural numbers.
R The field of real numbers.
C The field of complex numbers.
C C ∪ {∞}, i.e., the extended complex plane.
Cm×n The set of complex matrices of order m × n.
A A square matrix of size n×n. I or In is the identity

matrix.
AT The transpose of A.
AH The conjugate transpose of A.
Gln(C) The linear group of order n over C. If A ∈ Gl(C)

then the n × n matrix A is nonsingular.
vec(A) An ordered stack of the columns of a matrix A from

left to right.
null(A) Null space (kernel) of the space spanned by the

columns of A.
ran(A) Range (image) of the space spanned by the columns

of A.
diag(A1, . . . , Ab) A block diagonal matrix with diagonal blocks Ai.
A ⊗ B The Kronecker product of two matrices A and B

whose (i, j)-th block element is aijB.
A ≡ A1 ⊕ A2 ⊕ · · · Direct sum of matrices, A = diag(A1, A2, . . .).
(E, A, B, C, D) Matrix tuple representing a system S associated with{

Eẋ = Ax(t)+Bu(t)
y = Cx(t)+Du(t) . Subsystems of S are represented

by subsets of the tuple, e.g. (E, A, B, C), (A, B),
(A, C), etc.

A − λB A general matrix pencil of size m × n.
S(λ) The system pencil [ A B

C D ] − λ [ E 0
0 0 ] of size (n + p) ×

(n + m) corresponding to the system S.
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SC(λ) The controllability system pencil [ A B ] − λ [ E 0 ], in
most cases E = I.

SO(λ) The observability system pencil [ A
C ]−λ [ E

0 ], in most
cases E = I.

C(A, B) The controllability matrix.
O(A, C) The observability matrix.
CS(A, B) The controllable subspace of (A, B).
OS(A, C) The unobservable subspace of (A, C).
Ω Abbreviation used in the following for a matrix A,

matrix pencil A − λB, or a system pencil S(λ).
μi Eigenvalue of Ω (also α and β are used). Can also be

represented by the pair of eigenvalues (αi, βi), where
μi = αi/βi if βi 	= 0 else μi is the infinite eigenvalue.

O(Ω) The orbit of Ω, i.e. the set of similar matrices or
equivalent matrix or system pencils to Ω (canonical
structure and eigenvalues fixed).

O(Ω) The closure of an orbit.
B(Ω) The bundle of Ω, ∪μiO(Ω). Eigenvalues not speci-

fied.
B(Ω) The closure of a bundle.
nrk (Ω) The normal rank of Ω, i.e., the order of Ω’s greatest

minor different from polynomial zero.
tan(Ω) The tangent space of O(Ω) at Ω.
nor(Ω) The normal space of O(Ω) at Ω, i.e., the orthogonal

complement to the tangent space.
dim(Ω) Dimension of O(Ω).
cod(Ω) Codimension of O(Ω), where dim(Ω) + cod(Ω) is

equal to the dimension of the complete space Ω, e.g.
matrices belongs to a n2-dimensional space and ma-
trix pencils to a 2mn-dimensional space.

Dj(A) The greatest common divisors of all the minors of
order j of the matrix A.

dμi dμi = (d(i)
0 , . . . , d

(i)
n ) is the integer partition repre-

senting the multiplicity d
(i)
j of (λ − μi) in Dj(A).

Pj(A) The invariant factors of A.
q Number of distinct finite eigenvalues.
gi The geometric multiplicity of the finite eigenvalue μi.
g∞ The geometric multiplicity of the infinite eigenvalue.
r0 Number of column minimal indices.
r1 Number of column minimal indices greater than zero.
l0 Number of row minimal indices.
l1 Number of row minimal indices greater than zero.
hμi hμi = (h(i)

1 , . . . , h
(i)
gi ) is the integer partition repre-

senting the Segre characteristics for the finite eigen-
value μi.
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s s = (s1, . . . , sg∞) is the integer partition representing
the Segre characteristics for the infinite eigenvalue.

ε ε = (ε1, . . . , εr0) is the integer partition representing
the column (left) minimal indices. The conjugate
r = (r1, . . . , rε1) is the r-numbers.

η η = (η1, . . . , ηl0) is the integer partition representing
the row (right) minimal indices. The conjugate l =
(l1, . . . , lη1) is the l-numbers.

J μi J μi = (j1, j2, . . .) is the integer partition represent-
ing the Weyr characteristics for the finite eigenvalue
μi.

N N = (n1, n2, . . .) is the integer partition representing
the Weyr characteristics for the infinite eigenvalue.

R R = (r0, r1, . . .) is the integer partition representing
the right singular structure.

L L = (l0, l1, . . .) is the integer partition representing
the left singular structure.

Jj(μi) Jordan block of size j × j associated with the eigen-
value μi.

Nj Jordan block of size j× j associated with the infinite
eigenvalue.

Lj Singular block of size j × (j + 1) associated with a
column minimal index j.

LT
j Singular block of size (j + 1) × j associated with a

row minimal index j.
JCF Jordan canonical form;

PAP−1 = diag(J(μ1), . . . , J(μq)).
KCF Kronecker canonical form;

U(A − λB)V −1 = diag(L, J, N, LT ).
BCF Brunovsky canonical form;

P [ A−λI B ]

»
P−1 0

R Q−1

–
=

»
Aε 0 Bε

0 Aμ 0

–
,

and
[P S
0 T ]

h
A−λI

C

i
P−1=

" Aη 0
0 Aμ

Cη 0

#
.

GBCF Generalized Brunovsky canonical form;
[P S
0 T ]

h
A−λI B

C D

i»
P−1 0

R Q−1

–
=2

6666664

Aε 0 0 0 Bε 0 0
0 Aη 0 0 0 0 0
0 0 A∞ 0 0 B∞ 0
0 0 0 Aμ 0 0 0
0 Cη 0 0 0 0 0
0 0 C∞ 0 0 0 0
0 0 0 0 0 0 D∞

3
7777775
.
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Abstract

The canonical structures of controllability and observability pairs
(A, B) and (A,C) associated with a state-space system are studied under
small perturbations. We show how previous work for general matrix pen-
cils can be applied to the stratification of orbits and bundles of matrix
pairs. A stratification provides qualitative information about the closure
relation between canonical structures. We also present how the new re-
sults are used in StratiGraph, which is a software tool for computing and
visualizing closure hierarchies.
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1 Introduction

Computing the canonical structure of a matrix pencil is a well known ill-posed
problem. Small perturbations in the input data can dramatically change the
canonical structure. For example, a square singular pencil becomes regular and
multiple eigenvalues split apart. Nevertheless, degenerate canonical structures
of matrix pencils appear in control applications, e.g., computing controllable
subspaces and uncontrollable modes. Besides knowing the canonical structure
of a system pencil associated with a state-space system, it is equally important
to know its nearby canonical structures in order to explain the behaviour of the
state-space system under small perturbations.

A stratification provides qualitative information about which structures are
related to each other, which structures can be found near a specific matrix or ma-
trix pencil, etc. The theory describing the complete stratification of orbits and
bundles of general matrices and matrix pencils is presented by Edelman, Elm-
roth, and Kågström [2, 3]. Based on this theory, a software tool, StratiGraph,
for computing and visualizing these hierarchies has been developed [4, 11, 13].

In line of this work, we now continue by considering the controllability and
observability pairs (A, B) and (A, C) associated with the state-space system

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t) + Du(t), (1.1)

where A ∈ Cn×n, B ∈ Cn×m, C ∈ Cp×n and D ∈ Cp×m. In this contribution,
we show how the previous work for general matrix pencils can be applied to the
stratification of controllability and observability pairs. We also present how the
new results are used in StratiGraph.

2 Review of the general matrix pencil case

A general matrix pencil, A − λB, where A,B ∈ Cm×n can have column and
row minimal indices as well as finite and infinite eigenvalues. Notice that all
matrix pencils where m 	= n are singular, which is the case in most control
applications. Moreover, a general m × n matrix pencil can be transformed into
Kronecker Canonical Form, KCF [7]:

P−1(A − λB)Q = diag(Lε1 , . . . , Lεp , J(μ1), . . . , J(μt), LT
η1

, . . . , LT
ηq

),

where P of size m×m and Q of size n×n are nonsingular. J(μ1), . . . , J(μt) form
the regular structure and are Jordan blocks of the finite and infinite eigenvalues:

Jj(μi) ≡

⎡⎢⎢⎢⎢⎣
μi − λ 1

. . . . . .
. . . 1

μi − λ

⎤⎥⎥⎥⎥⎦ and Jj(∞) ≡

⎡⎢⎢⎢⎢⎣
1 −λ

. . . . . .
. . . −λ

1

⎤⎥⎥⎥⎥⎦ .
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Li and LT
j correspond to the minimal indices of a singular pencil:

Li ≡

⎡⎢⎣ −λ 1
. . . . . .

−λ 1

⎤⎥⎦ and LT
j ≡

⎡⎢⎢⎢⎢⎣
−λ

1
. . .
. . . −λ

1

⎤⎥⎥⎥⎥⎦ .

An i × (i + 1) block, Li, is called a right singular block associated with a
column minimal index i, and a (j + 1) × j block, LT

j , is called a left singular
block associated with a row minimal index j. Li has a right singular vector
xT

i+1 = [1 λ λ2 . . . λi] such that Lixi+1 = 0 for any λ ∈ C. Similarly, LT
j has a

left singular vector yj+1 = [1 λ λ2 . . . λj ] such that yj+1L
T
j = 0 for any scalar

λ. The right and left singular blocks form the singular structure of A − λB.

2.1 Orbits and bundles

Two matrix pencils, A1 − λB1 and A2 − λB2, are said to be strictly equivalent
if there exists non-singular matrices, P and Q, such that

A2 − λB2 = P−1(A1 − λB1)Q.

The set of all equivalent pencils to A − λB defines the equivalence orbit of
the pencil, i.e.,

O(A − λB) = {P−1(A − λB)Q|det(P )det(Q) 	= 0}.

O(A − λB) consists of all pencils with the same eigenvalues and the same KCF
as A − λB. To be specific, these orbits of matrix pencils are manifolds in the
2mn-dimensional space of m × n matrix pencils.

A bundle B(A − λB) is a union of orbits. If two pencils have the same
Kronecker structure except that their distinct eigenvalues are different, they are
said to be in the same bundle.

2.2 Codimension

The dimension of an orbit or bundle is equal to the dimension of its tangent
space and is uniquely determined by the Kronecker structure. In practice, it is
often more convenient to work with the dimension of the space complementary
to the tangent space, denoted codimension.

The more degenerate the Kronecker structure of a pencil is, the smaller is
the dimension and the larger is the codimension of its corresponding orbit and
bundle. For the most generic pencil of size m×n (m 	= n), the orbit or the bundle
spans the complete 2mn-dimensional space, hence the codimension is zero. The
most degenerate m × n (m 	= n) case is the zero pencil 0m×n − λ0m×n, which
orbit and bundle both have codimension 2mn.



126 Paper II

The main difference between orbits and bundles is that the eigenvalues are
not specified for a bundle, i.e., its tangent space spans one extra dimension for
each distinct eigenvalue compared to the corresponding orbit. In conclusion, the
codimension of a bundle is equal to the codimension of a corresponding orbit
minus the number of distinct eigenvalues.

2.3 Integer partitions and stratification

Edelman, Elmroth, and Kågström [3] show how Kronecker structures can be
represented as integer partitions such that the closure relations of the various
orbits and bundles are revealed by applying a simple set of rules. The closure
relations or the closure hierarchy form the stratification of Kronecker structures.

An integer partition κ = (k1, k2, k3, ...) such that k1 ≥ k2 ≥ . . . ≥ 0 is said
to dominate another partition λ, i.e., κ > λ if k1 +k2 + . . .+ki ≥ l1 + l2 + . . .+ li
for i = 1, 2, . . ., where λ 	= κ. Different partitions of an integer can in this
way form a dominance ordering. If κ > λ, sum(κ) = sum(λ) and there is no
partition μ such that κ > μ > λ, then κ is said to cover λ.

In the rules defined by Edelman, Elmroth, and Kågström, the integer par-
titions are illustrated as piles of coins in a table. An integer partition κ =
(k1, k2, . . . , kn) is represented as n piles of coins where pile i has ki coins (see
Figure 1a). The covering relation between two integer partitions can then easily
by determined. If an integer partion μ can be obtained from κ by moving one
coin in κ one column rightward or one row downward and μ remains monotonic
decreasing (Figure 1b), then κ covers μ. This defines a minimum rightward coin
move. The minimum leftward coin move is defined analogously.

(a) Coin table (b) Rightward move

Figure 1: In (a) the integer partion (3, 2, 2, 1) is shown as a coin table and (b)
shows a minimum rightward coin move, where (3, 2, 2, 1) becomes (2, 2, 2, 2)
and hence (3, 2, 2, 1) covers (2, 2, 2, 2).

For a matrix pencil, the column and row minimal indices form the integer
partitions R = (r0, r1, . . .) and L = (l0, l1, . . .), respectively. Here, ri is the
number of Li blocks of size greater or equal to i. Similarly, lj is the number
of LT

j blocks of size greater or equal to j. The sizes of the Jordan blocks in
Weyr notation corresponding to each eigenvalue μi form the integer partitions
Jμi = (j(i)

1 , j
(i)
2 , . . . , j

(i)
max), i.e., j

(i)
k is the number of Jordan blocks of size greater

or equal to k. The rules to apply to get the stratification of a matrix pencil is
shown in Theorem 2.1.
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Theorem 2.1 [3] Given the structure integer partitions L,R and Jμi of
A − λB, the following if-and-only-if rules find Ã − λB̃ fulfilling orbit or bundle
covering relations with A − λB.

O(A − λB) covers O( eA − λeB):

(1) Minimum rightward coin move in
R (or L).

(2) If the rightmost column in R (or
L) is one single coin, move that
coin to a new rightmost column of
some Jμi (which may be empty ini-
tially).

(3) Minimum leftward coin move in
any Jμi .

(4) Let k denote the total number of
coins in all of the longest (= low-
est) rows from all of the Jμi . Re-
move these k coins, add one more
coin to the set, and distribute k+1
coins to rp, p = 0, . . . , t and lq,
q = 0, . . . , k−t−1 such that at least
all non-zero columns of R and L
are given coins.

Rules 1 and 2 may not make coin moves
that affect r0 (or l0).

B(A − λB) covers B( eA − λeB):

(1) Same as rule 1 to the left.

(2) Same as rule 2 to the left, except it
is allowed only to start a new set
corresponding to a new eigenvalue
(i.e., no appending to nonempty
sets).

(3) Same as rule 3 to the left.

(4) Same as rule 4 to the left, but ap-
ply only if there is just one eigen-
value in the KCF or if all eigenval-
ues have at least two Jordan blocks.

(5) Let any pair of eigenvalues coa-
lesce, i.e., take the union of their
sets of coins.

We remark that several orbits (or bundles) in a closure hierarchy can have the
same codimension, which corresponds to branches in the hierarchy. However,
an orbit (or bundle) structure can never be covered by a less or equally generic
structure. This implies that structures within a branch of a closure hierarchy
can be ordered by their codimensions (or dimensions).

2.4 Closure hierarchies as a graph representation in Strati-
Graph

The closure hierarchy of canonical structures of an orbit (or bundle) can be
represented as a connected graph, where the nodes in the graph correspond to
different canonical structures in the hierarchy, and the edges represent the cov-
ering relations. This representation is used in StratiGraph. Several structures in
different branches of the closure hierarchy can have the same codimension and
are then aligned on the same horizontal level. A screen-shot of a StratiGraph
graph is shown in Figure 2.
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3 Stratification of matrix pairs

A state-space system (1.1) can be represented and analyzed in terms of a system
pencil

S(λ) = A − λB, where A =
[
A B
C D

]
, B =

[
In 0
0 0

]
.

Consequently, the system pencils associated with the controllability pair (A, B)
and the observability pair (A, C) are

SC(λ) =
[
A B

]− λ
[
In 0

]
, (3.2)

and

SO(λ) =
[
A
C

]
− λ

[
In

0

]
, (3.3)

respectively. Notice that the system pencils SC(λ) and SO(λ) are special cases of
S(λ). Due to the special structure of the λ-part matrix of SC(λ), the controlla-
bility system pencil can only have right singular blocks Li and finite eigenvalues
in its KCF. Similarly, the λ-part matrix of SO(λ) has full column rank and it
can only have left singular blocks LT

j and finite eigenvalues in its KCF.
In the following we consider the orbit and bundle for Γ-equivalence of matrix

pairs [14]. Γ-equivalence for a controllability pair (A, B) is defined as

P
[
A − λI B

] [P−1 0
R Q−1

]
=

[
P (A − λI)P−1 + PBR PBQ−1

]
,

(3.4)

and for the observability pair (A, C) as[
P S
0 T

] [
A − λI

C

]
P−1 =

[
P (A − λI)P−1 + SCP−1

TCP−1

]
, (3.5)

where P ∈ Cn×n, Q ∈ Cm×m, T ∈ Cp×p,[
P−1 0
R Q−1

]
and

[
P S
0 T

]
are nonsingular, and R ∈ C

m×n and S ∈ C
n×p.

Both necessary and sufficient conditions for closures of matrix pairs have for
example been studied in [8, 9, 10]. In [9], also the necessary conditions for cover
relations of matrix pencils with no minimal row indices has been derived. From
[9, 10] and [3] it is possible to derive sufficient as well as necessary conditions
for covering relations of matrix pairs.

Expressed in coin moves, a less generic matrix pair can be obtained by the
rules of the following theorem.
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Theorem 3.1 [3, 12] Given the structure integer partitions L,R and Jμi of
(A, B) or (A, C), the following if-and-only-if rules find (Ã, B̃) or (Ã, C̃) fulfilling
orbit or bundle covering relations with (A, B) or (A, C), respectively.

O(A,B) covers O( eA, eB)

(or O(A, C) covers O( eA, eC)):

(1) Minimum rightward coin move in
R (or L).

(2) If the rightmost column in R (or
L) is one single coin, move that
coin to a new rightmost column of
some J μi

(which may be empty
initially).

(3) Minimum leftward coin move in
any J μi

.

Rules 1 and 2 may not make coin moves
that affect r0 (or l0).

B(A, B) covers B( eA, eB)

(or B(A, C) covers B( eA, eC)):

(1) Same as rule 1 to the left.

(2) Same as rule 2 to the left, except it
is allowed only to start a new set
corresponding to a new eigenvalue
(i.e., no appending to nonempty
sets).

(3) Same as rule 3 to the left.

(4) Let any pair of eigenvalues coa-
lesce, i.e., take the union of their
sets of coins.

Further, the sufficient and the necessary conditions for covering relations of
matrix pairs are given by the following two corollaries.

Corollary 3.2 [12] O(A, B) covers O(Ã, B̃) (or O(A, C) covers O(Ã, C̃)) if
and only if (Ã, B̃) (or (Ã, C̃)) can be obtained from (A, B) (or (A, C)) by using
one of the rules in the left part of Theorem 3.1.

Corollary 3.3 [12] B(A, B) covers B(Ã, B̃) (or B(A, C) covers B(Ã, C̃)) if and
only if (Ã, B̃) (or (Ã, C̃)) can be obtained from (A, B) (or (A, C)) by using one
of the rules in the right part of Theorem 3.1.

The major difference between the rules for matrix pencils and matrix pairs,
is that rule 4 (both for orbits and bundles) in Theorem 2.1 does not apply to
matrix pairs. The rule does not exist since there is only one type of singular
blocks (Li or LT

j ) in each matrix pair type. Moreover, in rules 1 and 2 of
Theorem 3.1, the (A, B) pair applies to the R partition only and the (A, C)
pair applies to the L partition only.

The codimension of the orbit for matrix pairs can be calculated as the sum
of separate codimensions [1, 6]:

cod(A, B) = cJor + cRight + cJor,Sing, (3.6)

and
cod(A, C) = cJor + cLeft + cJor,Sing. (3.7)

The sums come from the interaction between the Jordan blocks, the right/left
singular blocks (Lj ↔ Lk or LT

j ↔ LT
k ), and from the interaction of the Jordan

structure with the singular blocks. Let s1(μi) ≥ s2(μi) ≥ · · · ≥ sgi(μi) denote
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the sizes of the Jordan blocks corresponding to eigenvalue μi with gi blocks,
i = 1, . . . , t. Then the separate codimensions are given as

cJor =
t∑

i=1

gi∑
j=1

(2j − 1)sj(μi) =
t∑

i=1

(s1(μi) + 3s2(μi) + · · · + (2gi − 1)sgi(μi)),

cRight =
∑
j>k

(j − k − 1), cLeft =
∑
j>k

(j − k − 1), and

cJor,Sing = (size of complete regular part) · (number of singular blocks).

The codimension of an associated bundle is equal to the codimension of the
orbit minus the number of distinct eigenvalues.

The generic Kronecker structure of the controllability pair (A, B) has R =
(r0, . . . , rα, rα+1) where r0 = · · · = rα = m, rα+1 = n mod m, and α = �n/m�.
For the observability pair (A, C) the generic case has L = (l0, . . . , lα, lα+1) where
l0 = · · · = lα = p, lα+1 = n mod p, and α = �n/p�. The most degenerated
case of SC(λ) has m L0 blocks and n Jordan blocks of size 1× 1 corresponding
to an eigenvalue of multiplicity n. Similarly, SO(λ) has m LT

0 blocks and n
1 × 1 Jordan blocks. In other words, the most generic cases correspond to
completely controllable and observable systems, while the most degenerate cases
correspond to systems with n uncontrollable and n unobservable multiple modes,
respectively.

3.1 A 4 × 2 observability pair

For illustration we consider the stratification of the orbit of a small 4×4 system
pencil with two states, two inputs and two outputs:

S(λ) = A − λB =
[
A B
C 0

]
− λ

[
I2 0
0 0

]
,

where A, B, C ∈ C2×2.
The orbit stratification of a 4 × 4 general matrix pencil is a graph with 47

different structures and does not consider the special structure of the control-
lability and observability pairs. We start by considering the observability pair
(A, C). The observability system pencil

SO(λ) =
[
A
C

]
− λ

[
I2

0

]
,

is now 4× 2. The stratification of the orbit of a general 4× 2 matrix pencil has
only 10 structures, illustrated in Figure 2, which shows the closure hierarchy
graph computed and visualized by StratiGraph. Still we have not used the
special structure of SO(λ). Considering that SO(λ) has full column rank, the
pencil can have no right singular blocks. From Figure 2, we see that in the
more degenerate structures, not only left singular blocks appear but also right
singular blocks that we know can not exist.
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Figure 2: Screen-shot from StratiGraph visualizing the complete stratification of
the orbit to a general 4×2 matrix pencil. The grayed area marks the structures
with no right singular blocks.

Figure 3: Screen-shot from StratiGraph visualizing the complete stratification
of the orbit corresponding to a 4 × 2 observability pair (A, C) with two states
and two outputs.
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StratiGraph has recently been extended with built-in support for matrix
pairs (A, B) and (A, C). In Figure 3, the stratification of the same problem
size as in Figure 2 is shown, but now as a matrix pair (A, C) when the rules in
Theorem 3.1 is used. The closure hierarchy graph of SO(λ) is identical to the
grayed part of the graph shown in Figure 2, i.e., the part of the graph with no
right singular blocks.

The result is very similar for the controllability pair (A, B), but compared
to a general 2× 4 matrix pencil, the resulting graph has no structures with left
singular blocks. This is the case both when looking at orbits as well as bundles.

In conclusion, the incorporation of the stratification of observability and con-
trollability pairs into StratiGraph makes it much easier to view and understand
the qualitative behavior of such pairs under small perturbations. Ongoing work
include the study of matrix triples and quadruples and the incorporation of
quantitative information in StratiGraph, providing computable bounds on the
distance to nearby structures in a closure hierarchy [5].
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